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THE following pages are the result of a course in Differential 
Equations which the author has given for some years to classes 
comprising students intending to pursue the study of Engineering 
or some other Physical Science, as well as those expecting to con- 
tinue the study of Pure Mathematics or Mathematical Physics. 

The primary object of this book is to make the student familiar 
with the principles and devices that will enable him to integrate 
most of the equations he is apt to come across. As much of the 
theory is given as is likely to be comprehensible to the student who 
has had a year’s course in the Differential and Integral Calculus, 
and yet is sufficient to form a harmonizing setting for the numerous 
and otherwise apparently miscellaneous classes of equations, and 
the disconnected methods for solving them. It is intended to have 
the work sufficiently broad to make it a handy book of reference, 
without affecting its utility as a text-book. A number of footnotes 
and remarks have been put in, which, without breaking the continu- 
ity of the practical side of the subject, must prove of interest and 
value. Numerous historical and bibliographical references are 
also made. 

A course that is limited in point of time and aims only at acquir- 


¿ ing skill in integrating most of the equations that are apt to arise 


3 
4 


could dispense with §§ 12, 15, 17, 22, 28 (part in small type), 33, 
34, 38-40, 46-48, 66-69 (except examples), 70, 71, 73, 75, 78, 80, 
81. Many of these sections should properly come in a well-bal- 


‘ anced course. The needs of the class, and the time at its disposal, 


+} must decide which of them, if any, should be omitted. 


i 


The author has had in mind continually the necessity of sys- 
tematizing the various classes of equations that can be solved by 
elementary means, and of minimizing the number of methods by 
which they can be solved. To enable the student to get a better 
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general view of the subject, the summaries at the ends of the 
various chapters and the final general summary must prove of 
great value. 

Numerous applications to problems in Geometry and the Phys- 
- ical Sciences have been introduced, both in the body of the text 
and in the form of exercises for the student. 

Although a large number of the problems have been published 
before, many are new, and all have been chosen to bring out the 
various methods of the differential equations, and of the integral 
calculus as well. Many of the examples worked out in the text 
were chosen to recall some of the more important methods of the 
latter; for while the use of tables of integrals is recommended, 
the student should not feel absolutely dependent upon them. 
Most of the solutions have a simple form or an interesting inter- 
pretation. Great care has been taken to avoid typographical 
errors. The author shall be very glad to learn of any that still 
exist, l 

The method of undetermined coefficients for finding the particu- 
lar integral in the case of linear equations with constant coefficients 
is believed to be presented here for the first time in its complete 
form. 

The subject of Partial Differential Equations is so vast that it was 
decided to present only a few topics, which, in all probability, will 
suffice for the needs of the students for whom this book is intended. 

It was only after considerable thought that the author refrained 
from adding a chapter on the Lie Theory. It is hoped to present 
that important branch of the subject in a separate volume. 

In conclusion the author takes great pleasure in expressing his 
appreciation of the valuable suggestions made by Professor F. S. 
Woods of the Massachusetts Institute of Technology, as well as 
of those by Professor L. G. Weld of the University of Iowa and 
Professor E. J. Townsend of the University of Illinois. 


ABRAHAM COHEN. 


JOHNS HOPKINS UNIVERSITY, BALTIMORE, MARYLAND, 
October, 1906, 
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DIFFERENTIAL EQUATIONS 


CHAPTER I 
DIFFERENTIAL EQUATIONS AND THEIR SOLUTIONS 


1. Differential Equation. Ordinary and Partial. Order, Degree. 
—A differential equation is an equation involving differentials or 
derivatives. Thus, 


(1) E Ta TAI, 
d 
(2) (Ia r+, 
dy dx 
(3) y —x*—~++3—=090, 
ax dy 
dy 
(4) ae ¿=%=0, 
i+ GN |i 
ax 
02 0z 
(5) Mog gy 
0% z 02 
6 —— —_— = 
(6) ie Sasy Oy V9 
(7) yds + x*y"dy = 0, 


are examples of differential equations. 

Equations in which there is a single dende variable (and 
which, therefore, involve ordinary derivatives) are known as ordinary 
diferential equations. Equations (1), (2), (3), (4), (7) are such. 

If an equation involves more than one independent variable, so 
that partial derivatives enter, it is known as a partial differential 
equation. Examples of such are equations (5), (6). 
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By the order of an equation we mean the order of the highest 
derivative involved. Thus, equations (2), (3), (5), (7), are of the 
first order; (1), (4), (6), are of the second order. 

By the degree of an equation, we mean the degree of the highest 
ordered derivative entering, when the equation is rationalized and 
cleared of fractions with regard to all the derivatives. Thus (1), (5), 
(6), (7), are of the first degree; (2), (3), (4), are of the second 
degree. 


2. Solution of an Equation. — By a solution of a differential equa- 
tion we mean a relation connecting the dependent and independent 
variables which satisfies the equation. ‘Thus y =sinax is a solu- 


tion of (1), x += is a solution of (4), 2=x+y is a solution 


of (5), 35 = 1 is a solution of (7). [The student, as an exercise, 
should verify these facts. ] 

Attention should be called to the fact that a differential equation 
has an indefinite number of solutions. It can be seen readily that 
y = 2 sin ax, y = 6 cos ax, y = Acosax + B sin ax (where A and B 
are any constants whatever) all satisfy equation (1). The student is 
in the habit of adding a constant of integration when integrating a 
function. He says the integral of cos x is sinx +c. Now the prob- 
lem of integration studied in the Calculus isonly a special case of 
the general problem of solving a differential equation. To integrate 


f cos x dx is to find a function, sin x + ¢, whose derivative is cos x. 

In the language of the Differential Equations, we should say that the 

solution of & = cos x is y=sin x + c, where c is an arbitrary constant.* 
| x 


A constant in a solution will be said to be arbitrary if any value whatever 


may be assigned to it. Thus y = sin x +c is a solution of Y — cos x, no matter 
dx 
* It may be noted that in the special case occurring in the Integral Calculus the 
arbitrary constant always occurs as an additive one, while in the general case it may 
enter in an endless number of ways. 
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what value c has. Similarly y= Acosax+ Bsinax is a solution of (1) for 
any values of 4 and B. They are arbitrary constants. On the other hand, æ is 
not arbitrary. While any value one pleases may be assigned to it in (1), once 
chosen, its value is fixed, and that value alone can enter into the expression for 
the solution. 


Restricting ourselves to ordinary diferential equations,* we see that 
a solution may involve one or more arbitrary constants. The ques- 
tion naturally arises, what is the maximum number of such constants 
a solution may contain? | 


3. Derivation of a Differential Equation from its Primitive. — Just 
as the problem of integration is the inverse of that of differentiation, 
so the problem of finding the solution of a differential equation is the 
inverse of that of finding the differential equation which is satisfied 
by a relation among a set of variables, which relation may or may 
not involve one or more arbitrary constants. In order to make this 
problem precise, we shall say that we wish to find the differential 
equation of lowest order satisfied by this relation, and not involving 
any arbitrary constants. Thus y= 4 cos x, where 4 is an arbitrary 


2 8 
ZZ +y=0, <2 —y tana = o, 


etc. But we shall say that 2 + y tan x = ois “he differential equation 


constant, satisfies 2 + ytanx=0, 


to which it gives rise. 
Again, y= A cos x + Bsin x, where A and B are arbitrary con- 


stants, satisfies A + y = 0, also as + Z = 0; etc. Here, as before, 


23 +y = 0 is “he differential equation we are interested in. 
Perfectly generally, if we have a relation which involves » arbitrary 


constants,ł we differentiate this expression z times, thus having in 


* The study of partial differential equations will be taken up in Chapter XII. 

t It is implied, of course, that the z constants are essential ; that is, that they cannot 
be replaced by a smaller number, For example, y =x+a-+0 really involves only 
one essential constant, since a + 4 is no more than a single constant. Again ae:+5 is 
no more general than aez, 
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all n + 1 equations from which to eliminate the » constants. So that 
a relation (or, as we shall henceforth call it, a primitive) in which 
n arbitrary constants appear, gives rise to a differential equation which 
involves derivatives of as high an order as the wth. This process is 
unambiguous; hence a primitive gives rise to one and only one 
differential equation. Without going into a rigorous proof of the 
fact, we see how a primitive involving n arbitrary constants gives rise 
to a differential equation of the nth order. 

To illustrate, find the differential equations corresponding to the 
following primitives : — 


Ex. 1. y = aea" + cæ. Here ¢, and c are the arbitrary constants. 


Then A = 00€ + Aall, 


dy 2 2 
— = Q Cl” F hy Cll. 
Iy? 11 


From these three equations we must eliminate ¢, and ¢. Con- 
sidering them as three homogeneous equations in the quantities 1, 
cen”, caer”, we have ; 


dy 
— a 
ie M a =0, 0 or ZZ — (0 +0) 2 eT May =0» 
d*y 3 2 
è, a O 


Ex. 2. (x—c*+y=»r*? Here cis the arbitrary constant. Then 


—c + yo = =o. From these two equations we must 


eliminate <c. 
Now x—C=— y2. Substituting this in the original equation, 


we have 


#(G) tee 
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Ex. 3. y=cx+vV1—é, 

Ex. 4. (2-4 +0—c«*=", 
Ex. 5. O bee 

Ex. 6. y +x =o. 

Ex. 7. “=2cy4- €. 


4. General, Particular Solution. — If now we start with a differ- 
ential equation, its solution involving the maximum number of arbi- 
trary constants is nothing but the primitive which gives rise to the 
differential equation. That solution cannot contain more than x= 
arbitrary constants, by the theorem in $ 3. Besides, it must contain 
as many as 2; otherwise it would be the primitive of a lower ordered 
equation. | å 

The solution involving the maximum number of arbitrary con- 
stants is called the general (or complete) solution.* By means of the 
general existence theorem (§ 70), we can prove the following 
theorem :— The general solution of an ordinary diferential equation 
of the nth order is one that involves n arbitrary constants. 

Attention should be called to the fact that although the general solution may 
assume a variety of forms, all of these give the same relation among the variables, 
so that there is actually only one general solution ; thus it is readily seen that 
x38 = C is a solution of (7); so also is log x + log y = C, or log xy = C. 
These, obviously, are all equivalent to saying that xy is constant. The unique- 
ness of the general solution is part of the existence theorem. 


A solution which is derivable from the general solution by assign- 
ing fixed values to the arbitrary constants is called a particular 
solution. Thus, y = cos x and y = cos x — sin x are particular solu- 


E d?y 
t f = e 
10nS O +y=0 


* We shall see later that there may be solutions which are distinct from the general 
solution. In the general theory of Differential Equations the existence of a solution 
for every differential equation (under certain restrictions) is proved. The solution 
there obtained is the general solution referred to in the text. 
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As mentioned in $ 2, the problem of the Differential Equations includes that 
of the Integral Calculus as a special case. ‘Thus, in the latter the general 
problem is to solve 


Y =f (x 
2 =/() 


This is only a special case of the problem of finding the solution of the differ- 
ential equation of the first order involving two variables, 


Bfn) 


where f(x, y) may be a function of both the variables. We speak of integrating 
or solving the equation, in the general case, and at times refer to the simpler 
problem of the Integral Calculus as performing a guadrature. 


A function of the independent variable will be said to be an 
integral of the equation if, on equating it to the dependent variable, 
we have a solution. We have a general or particular integral accord- 
ing as the resulting solution is general or particular. 

While the problem of finding the differential equation correspond- 
ing to a given primitive is a direct one, and can be carried out 
according to a general plan, involving simply differentiation and 
elimination, that of finding the primitive or general solution of a 
given differential equation, like most inverse problems, cannot be 
solved by any general method. 

In the following chapters we shall bring out, in as systematic a 
manner as possible, some of the classes of equations whose solutions 
can be found. 

We shall understand that the problem of the Differential Equations 
is solved when we have reduced it to one of quadratures, that is, 
to a mere process of the Integral Calculus. While in the general 
theory of the Calculus it is proved that every function has an 
integral, it may not be possible to express it. In such cases we shall 
content ourselves by simply indicating this final process. 


CHAPTER II 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
THE FIRST DEGREE 


5. Exact Differential Equation. Integrating Factor. The general 
type of an equation of the first order and degree is 
(1) M dx + Vdy =0, 


where M and / are functions of x and y. 

Making use of the theorem that every differential equation has a 
general solution ($ 70), this equation has a solution containing one 
arbitrary constant. Solving for the constant, the solution has the form 


(2) | u (x, y) = 


The differential equation having this primitive is obviously 


dy = 
matt + kdy =o. 


Since this must be the same equation as (1), we must have the 
corresponding coefficients proportional, ¿.e. 


du au 
ôx oy. 
M N, 


If we call this common ratio u, (which is, at most, a function of x 
and y), we have 


du du 
— M, ae N. 
da * oy =u 
So that p(M d+ N dy) = du. 
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We shall speak of an expression which is the differential of a 
function of one or more variables as an exact differential. Thus, 
p(M dx + Nady) is such, since it is the differential of w. We shall 
further speak of a differential equation as an exact differential equa- 
tion, if, when all the terms in it are brought to one side, that member 
is an exact differential. The above result can now be stated as 
follows: Assuming the existence of the general solution of the differ- 
ential equation (1), a factor p(x, y) exists which, when introduced, 
will make the equation exact. 

This factor is known as an integrating factor, because, as we shall 
see (§ 8), when our equation is exact, its integration can be effected 
readily. 


A differential equation of the first order and degree has an indefinite number 
of integrating factors. 
Suppose u to be an integrating factor. Then 


(Max + N dy) =du(x, y) 


where the sign of identity = means that uM = oe and uN = oe 
x y 


Now, if @(#) is any continuous function of #, we have 


pó(u)M de + up(u)N dy = p(u) oe dx + (u) => dy=4Yy(u4)= dv (x, y), 
where BUM) 22 plu), or y(u) = foco. 
du 


Hence uq(u) is also an integrating factor. Since ¢(#) may be chosen in 
an indefinite number of ways, we see that the number of integrating factors is | 
infinite. [For another proof, see Ex., $ 7; also $ 80.] Thus, it is obvious by 


inspection that x dy — y dr=0 has = for an integrating factor. We have, actu- 
Y 


ally, e a (Z); Here p=4,4=%. Then iS) will be an in- 
x x Xx 


tegrating factor. In particular, IZ or | is an integrating factor giving 
x? y 2 
— — which is g loge J. Similarly, * — — or — gives a -2). 
y x x a A y 


§§ 6-7 THE FIRST ORDER AND THE FIRST DEGREE 9 


6. General Plan of Solution. — Since every differential equation of 
the first order and degree which can be solved by elementary means 
has integrating factors, it would seem natural to try to find such a 
factor when the problem of solving an equation of this type arises. 
Practically, this is not always possible or desirable. In the following 
paragraphs of this chapter will be found the more important and the 
more frequently occurring classes of equations of the first order and 
degree which can be solved by elementary means; and it will be 
- noticed that they will be solved, in general, either by finding inte- 
grating factors for them or by transforming them into other forms 
for which integrating factors are known. 


7. Condition that Equation be Exact. —If the equation is exact 
to begin with, of course, no integrating factor need be sought. We 
must, then, find the necessary and sufficient condition for exactness 
of an equation. If 


(1) M dx + N dy =0 
is exact, that is, if M dx + N dy is the differential of some function x, 
then ðu L M and u SN, and 

Ox oy 

ðM aN 
(2) ea NA. 
y Ox 

since 0% — oo (2) is, then, a necessary condition for exactness 

Oxdy dydx 


of the equation. 

We shall now prove that it is also sufficient. Even more, we shall 
show that if (2) holds, we can actually find a function x such that its 
differential is M dx + N dy, or, what is the same thing, such that 


(3) Ou _ M and 94 = N. 
Ox oy 


* Assuming the continuity of M and N, and the existence and continuity of a 
y 
and oN . 


x 
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In order that the first of these relations (3) should hold, we must 
have 


(4) | u= f Mde+¥(y)* 


where Y is a function of y only, and plays the rôle of a constant 
of integration, since y is considered a constant in the process of 
integration involved in (4). : The value of « given by (4) will 
satisfy the first of (3), no matter what function of y Y may be. In 
order that u nd the second of (3) we must have 


be 0-2 fas s+ =N; 


that is, Y must e the equation 

dY ð f 

— =N —— | Max. 
(5) J By x 


Since the left-hand member of (5) is a function of y only, the 
same must be true of the right-hand member ; that is, the latter 
must be free of x, or in other words it must be a constant as far as 


x is concerned, and its derivative with respect to x must be zero. 


As a matter of fact, that derivative is LN Ed „t which is zero 


Ox oy 
because of (2). We can, then, find Y to satisfy (5), viz. 


y= f kE f "Mds d, 
oy 
and the resulting value of x in (4) will satisfy both equations (3). 


Ex. Using the fact that (2) is the necessary and sufficient con- 
dition for exactness, prove that if y is an integrating factor, such 
that (M dx + N dy) = du, p p(u) is also an integrating factor. 


* By fim dx we mean the result of integrating M dx considering y as a constant. 


1 OBS = mie af M dx = M, since, in both of the processes involved, y is con- 


sidered ene 
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8. Exact Differential Equations. — This suggests a method of solv- 
ing an exact equation. For, in this case, M dx + N dy = du where 


u= | Máx+ f kal M ie 


So that the general solution is 


(6) f °M dx + f ES > f “M dey =o 


Expressed in words, the operations involved in (6) are: /ntegrate 
M dx, considering y as a constant, thus obtaining f "M dx. Subtract- 
ing the derivative of this, with respect to y, from N, a function of y 
only is left. The integral of this function plus f "M dx is the left- 
hand member of (6). 

Remark. — Frequently V— > f 7M dx is nothing but those terms 
of N free of x. This suggests the simple rule: /utegrate M dx, con- 


sidering y as a constant; then integrate those terms in N dy free of x. 
The sum of these equated to an arbitrary constant ts the general solu- 


tion. This rule may fail because f "M dx is not unique as far as 
terms involving y only are concerned. Thus f “(x +y)dx may be 


either 4 x? + xy or (x + y). See also Ex. 3. But the rule is found 
to work so often that it seems worth mentioning, with the understand- 
ing, however, that when it is employed, the result be redifferentiated 
to see whether the original equation is obtained. 

As an exercise let the student show that the general solution may 
also be obtained in the form | 


f "Nay + J LS f ‘Way fte =e 


Ex 22414, +4 qy= O. 
J 


I 
oo) a 27) h ai 
NS ence equation 1s exact. 
IN Y OP A Y 


Pa =x24+%. + is the only term in J free of x. 
I Po 2 
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fio= log y. 
J 


x? + % + log y =c is the general solution. 
J 


A 2. a ae dae ir =o. 


Let the student prove that this is exact by showing that 


a ae ed ee 


log x + as — x"), 


At first sight it might seem ae no term of Vis free of x. But 


writing it in the form E ms a 
(* — +’) “7-2 


. A I 
is such a term, viz. —- 
y 


mea we see that there 


*, the solution is log x + 4 log (9? — a”) + log y =c, 


or Aa). 


Ex. 3. 


a HS) => 
we Vette NY IVA Y 


Let the student prove that this is exact. 


° = log (x+ Vx +3), the form given in integral 
l VEF) 


tables. 


N contains the term ~ which is free of x. 
J 


Hence if the rule is 


followed blindly, the solution would seem to be 


log (x+Va?+ y + log y=c. 


ae 


j 
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As a matter of fact, the solution is log (x + y x+y) =e. 


The trouble here is with the value of f| -= 
l x + = 


Vee Sn = bog (E + G) + 


= log (x + Va + a") —log a. 

Naturally in tables of integrals the term —loga is omitted, as that 
may be incorporated in the constant of integration. In the case of 
the problem under discussion it makes a big difference whether this 
term is used or not. If it is used, the rule gives the correct result. 
But if the form of the integral as given in the tables is used, then 
the rule is at fault. Hence the caution given in the remark above 
should be heeded. | 

Ex. 4. (y+x)dx+xdy=0. 

Ex. 5. (6x— 2y + 1) dx + (2y— 2% — 3)dy =0. 

9. Variables Separated or Separable. In case M isa function of x 


only, and JV one of y only, the relation > = Ni is obviously satisfied. 
y x 


In this case we > shall say the variables are separated. The integral 


is, OÍ course, 
{Max + [wane 


Very frequently, the variables are separable by inspection. 


Ex. 1. sec x cos? y dx —cos x sin y dy =0. 


Hence | SEC X Fy — any dy =0,* 
cos x cos” y 
or sec’x dx — tan y sec y dy=0. 


The general solution is tan x — sec y =c. 


* Here ——-— is an integrating factor, found by inspection. 
i cos ¥ cos? y 
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Ex. 2. (1+x)Ydx—*dy=0. 

Ex.3. 2(1—Y)xydx+ (1 +x (r +7) d =o. 

Ex. 4. sinx cos? y dx + cos? x dy =0. 

10. Homogeneous Equations. A widely occurring class of equations 
where the variables can be separated, not by inspection, but by a 


simple transformation of variables, is that in which M and N are 
homogeneous functions of x and y, and of the same degree. Then 


a is a homogeneous function of degree zero, and is therefore a func- 
* 
tion of +. 
. x 


Our equation can now be written 


Let 2 be a new variable, say 7. 


x 
d di 
Then y=vx, ` Z =v+a Z= F(0), 
or E A 
Flv x 


and our variables are separated. 
Integrating this, and then replacing v by its value in terms of x 
and y, we have the general solution. 


* A convenient definition of a homogeneous function of x and y of degree r is, that if 
in the function we replace x and y by fx and ty respectively, where £ is anything we 
please, the result will be the original function multiplied by £r. (This definition can b- 
extended at once to a function of any number of variables. It is obviously consistent 
with the old definition of homogeneity of polynominals.) This definition can be form- 
ulated thus : If f (x,y) is a homogeneous function of degree 7, then f (tx, ty) = trf (x, y).- 

If we put t=*, we have f 12 ES (x,y), or f (x,y) =xrf (1,2). When 


x 


y =0, we have f (2,9)=7| „ž)= r(>). 


x 
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Yy 
Ex. 1. (xe* +y) dx — x dy=0. 
Put y= vx, dy =v dx + x du. Then 
x(e +v) dx — xv dx — x’ du=o, 


de du 
or Y po Integrating, we have 


y 
log x +e” =c, or log x +e 7 =c. 


Ex. 2. 2 xy +3 p— (x° +2 Z = o. 


dy du 
Put y = vx, matte Then 
1+2 7 a o 
v+ x”? ` 


or awe a S Integrating, we have 
log v +4 log (1 + 0%) — log x= 8, 
or log 2? + log (1 +2) — log x = 2 k, 
or PUTO) tm, whence 
F (PHP) =0%. 
Ex. 3. (y — xy) dx + xX dy =0. 
. epee h$ 17 
x. (8 2xy+y~— v7 0. | 


Ex. 5. dx + x*dy = 0. 


Ex. 6. ( + y cos z) dx — x COS 2 dy=0. 


15 
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11. Equations in which M and M are Linear but not Homogeneous. 
ff M and N are both of the first degree but are not homogeneous, 
we can, by a very simple transformation, make them homogeneous. 

Suppose our equation to be of the form 


(ax + by + (1) dx + (ax + day + &) dy =o. 
Put x = x' + œ, y =y'+ B. The equation becomes 
(ax'+ by'+a,a+ bB +c) dx'+ lax b,y'+a,0 + bB + ¢,) dy =0. 
Now we may choose « and 8 such that 

aœ +B +c =0, 
and aye +B +t, =0; 
b Cs — boty and B = (¡A — Coy 
a,b, — aby aby — aby 
our equation takes the form 

(ax + by) de! + (ax! + by”) dy' = O, 

where the coefficients are homogeneous. 


l.e. if we put a= 


Ex. 1. (4x+3y+1)dx+(x+y+ 1) =o. 
Putting x = x' + 2, y =y'— 3, this becomes 

(4 + 34) de + (x' + y!) dy =0. 
Now, if y' = vx', we get 


1+ de 
—=0 
4+40+7 Paa 
/ 
or du — du Pe o 


240 (240 xv 
a | = l l= 
O ea og x'= cC, 


or log x' =¢——_, wh 
gx'(2+v)=c ag) nce 


a 
lo NE EE 
g (2x'+y') E 
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Passing back to x and y, this becomes 
log (2 x HN A 
g(2x+y— 1) y 
d Ex. 2. (4x—y+2)dx+(x+y+3)4y=0. 
Remark.—This method breaks down in case a, b2— az 6b¡=0. But in this 


case we can find a transformation which will separate the variables at once. For 


22 


we have — = 3 = k, a constant, and the equation takes the form 


a1 1 
(aix + bry +0) dx + [klax + 611) + 02] dy =o. 


If now, we put aix + 61 y = 4 so that y = Sa our equation takes the form 


1 


(t+ 0d + (kitte E o, 


or PT een 


(6,— aik) t + bici — ace 

where the variables are separated. 
(Ex. 3. (2x TUET + ay se 1) ae O. 
AR Sale i E. ee 

“2. Equations of the Form yhixy) dx i m (xy) dy = = 0. Another i 
class of equations in which the variables can be separated by a sim- 
ple transformation may be mentioned. The general type of such an 
equation is 

I xy) de + xfa(xy) dy =0, 


where by f(xy) we mean a function of the product xy. 


If we put xy =v, or y= Z then x dy = dv — 2 dx, and our equa- 
x x 


tion becomes 2 Alo) dx +fav) do — e J (0) dx = 0, 
x : x 


or 


(Ah) 


where the variables are separated. 
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Ex. 1. (y+ 2x7 — £y dx + 23% dy =o. 


Putting y = = dy = AS our equation becomes 
x 
v x dn —v dx 
=(14+ 20— v dx + 2 xv =O 
or 2 as 
I—v x 
2 I I 


Integrating, we get, since = En 
Pe Beh 1—7% 1+ 1—v 


log ITY 4 log ax = å, 
I—v 
or Penk ears 
| I—v 


Ex. 2. (2y+ 319) de +(x + 23%) dy=0, 
Ex. 3. (y+ xy*)dx + (x — xy) dy =0. 


13. Linear Equations of the First Order. A linear differential equa- 
tion (of any order) is a special kind of equation of the first degree. 
It is not only of the first degree in the highest derivative, but it is 
of the first degree in the dependent variable and all its derivatives. 
Thus, the general type of a linear differential equation of the first 
order is 


dy = 
a ts Q 


where P and Q are any functions of x only. 
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An integrating factor for this equation is readily seen* to be 
ef Páz since L ydre melre Z By) Introducing this factor, 
bo ba 


we have the solution by means of a single quadrature, thus 


a f Q eira dx + ¢.F 


dy 
E . l. R t — e e 
X + y cot x = sec x 


Here efPdz — efcotzdz — glogsinz — sin x is an integrating factor, 
Using this we have - 


ysinz= f singsecædr= f tans dx=—logcosx +e. 


Hence the solution is ysinx = — log cos x +e, 


or ysin x = log sec x + c. 


Ex. 2. «Y 2 F(+a)y= er. 


* We shall see later ($ 80) that this form of integrating factor arises by a perfectly 
general method. Excepting for pedagogic reasons, that method could be given at this 
point, without assuming anything to prevent our using it in this connection. 

t While the above method of solving a linear differential equation of the first order 
is undoubtedly the simplest in both theory and practice, and besides has the advantage 
of being readily retained in mind, it may be well to call attention to a second method, 
which is part of a general method applicable to linear equations of any order (see ‘ 
$$ 53, 59). 


ae dy _, du , dy dv 
Fi y=yv. Then 3m7 loc de dy v and the equation becomes y, — a —+ 
( ten)» = Q. If we choose y, so that A 14 Py, =o, we get y, = e-JPdz, and 


the equation in v becomes = = Qe Pdx, whence y = f Q efPdz dr +c; and we have 
Xx : 


finally y = Sra | Q eS Pax dx + ce—J Paz, 
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Putting this in the proper form (where the coefficient of o is 
unity), we get 
dy I _e 
dx iS E + 1) 2% 


S Pav f (Zee t ar) = loge ta. 


.. an integrating factor is e '°8*+*, or x e. 
Using this, we get yxe* = f e dx=+~e* +e, 
2 


dy 2y 3 
Ex. 3. -——“2= B 
| x rare (x + 1) 


Ex. 4. (+) 44 x%yme, 
ax 
ay 
. 5. are == = ° 
Ex eS 2x)y=x* 


14. Equations Reducible to Linear Equations. — At times an obvi- 
ous transformation will change an equation into a linear one. Such 
a one, of frequent occurrence, is ' 


D+Py=0Qy* 
dx 
where, as before, P and Q are functions of x only, and # is any 
number. 
Dividing by y” we get 
ye 4 py =0, 
dx 


Let y-"t! =v, then yr? =} 2, and our equation becomes 
x 1—nax 


dv 
© + (1— a) Pv=(1— n) Q, 


which is linear. 


* This is known as Bernoulli's Equation, after James Bernoulli (1654-3705). 
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Ex. 1. (1— x) Zata, 


-3 dy I+x _ _ I 
J de toe ús — x 
q_ 23, -5 Qy do 
Lety v, then > aT 
do I+x ee E 
We a 21—x 
343% >, =: E + (2422 1+2%x 
1—x I—-x EE 


=— 2log (1 — x) + log (1 +x +2). 
l+r+z? I+x+a 


.*. an integrating factor is e? 1,2, OF (1—2x)?’ 
a eae sitt 3 f(t y IEA A 
(1 —x)? 1 — x’ (1 — x)? 
=-3/——dr=-3 
2J (1 — x)’ ¿Gay 
A a+ E a A 
whence (1 — x) 4 (1—x) Fa 


oe se E y CE) 
4 1+x+a? 144427 


As examples of other cases where an obvious substitution will 
transform the equation into a linear one, consider the following : 


Ex. 2. Ata, [Put y =v.] 
lx 
Ex. 3.. sin 12 + sinx cos y =sin x. [Put cos y =v.] 
la 
Ex. 4. 404 3y 4 ext =o. 
lx 


dy y+1_ ) 
Ex. 5. de ña VITA x K e 
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15. Equations of the Form xy" (my dx + nx dy) + x*y* (uy dx + 
vx dy) =o. 

Since d (x°) = x% (ay dx + bx dy), it is easily seen that if 
we start with any expression xy’ (my dx + nx dy), we can make it 
exact by multiplying it by xu, provided 

cm=a+r+i1, andcz=B+5+1, 


where ¢ is any number. As a matter of fact 
amry -s-r (my dx + nx dy) = x-y- (my dx + nx dy) 
= =d (T: 


If c = 0, this term must be replaced by g log x™y". 
The object of introducing the undetermined quantity ¢ is to enable 
us to find an integrating factor for an equation of the form 
xy (my de + nx dy) + x°y? (py de + vx dy) =0. 
Just as the factor x«™-*-!y"~*-! will render the first set of terms 
exact, so xaYe"P-lyyv=0-1 will render the second set of terms exact. 
In order to find an integrating factor for the equation, we must so 
determine ¢ and y that these two factors are one and the same, 2.e. 


we must have | 
cm—r—iI=yp—p—I, 


cn—s—i=yv—o—iI. 
These two equations are sufficient, in general, to determine c and y.* 
Ex. 1. xty(3ydx+21x dy) +34 y dx+ 3 x dy) =0. 
Here, M=3, N=2, r=4, S=1, p=4, y=3, P=2,0=0. 
dl =D 2(2=3y— I. 
From these we have, c=2, y=1. Hence the integrating factor 
is xy’. Introducing this, we get the solution 


ay xt? = aq, or x*y + 2 xt4P= ț k. 


* If mv = mp, the equation reduces to the simple form my dx — nx dy =0, 
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Ex. 2. Y (3ydx—6xdy)—x(ydx—2x dy) =0. 
Ex. 3. (2x%y—y) dx — (23% + xy) dy=0. 


16. Integrating Factors by Inspection. — Integrating factors can 
frequently be found by inspection on closely examining the terms 
entering in the equation.* Of course no general rule for this can 
be given. A commonly occurring group of terms is xdy— y dx. 
x dy — y dx p E DY YA dy dx x dy — y dx 


This suggests o r= — —, or A 
| co í y y x “(2 + a ) 
| x 
the factors being respectively a P a PE So that i is an 


integrating factor for an expression of the form x dy — y dx + f(x) dx, 
while 7 may be used for one of the form x dy — y dx + f(y) dy, and 


I 
for x dy — y dx 
Iy y — y 


Z for x dy —y dx +f(xy)(x dy + ydx), and z 
Ay 
+f (a + y*) (x dx + y dy). Other combinations will occur to one in 
actual practice. 
Ex. 1. (Y — xy) dx+x*dy=0. (Ex. 3, $ 10.) 
Writing this Y dx—x(y dx—xdy) =0, 


we see that 7 is an integrating factor. Using this, we get 
x 


dx _ydx—xdY_0. 
x y i 


whence log x—i=c, 
| J 
x dy — y dx _ 
Va? — y? 


* An illustration of this we had in $ 9, where by the introduction of a factor the 
variables were separated and the equation thus rendered exact. 


Ex. 2. xd. 
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xdy—ydx 


NG) 


Writing this 


I . 
= x dy, we see at once that — is an 
x 


integrating factor. Using this, we get de da a = dy; whence 
AG 
x 


sin Ë =y +e. 
X 


Ex. 3. (x+y) dx — (x — y)dy = 0. 


Writing this x dx + y dy + ydx — x dy =0, we see at once that 
I 


Pty 


is an integrating factor. 


w 


Ex. 4. (2 +y) dx — 2 xydy=0. 7 
Ex. 5. (x — y) dx + 2 xy dy =0. 


Ex. 6. x dy — y dx = (x? +7") dx. 


17. Other Forms for which Integrating Factors can be Found. — In 

applying the test for exactness (§ 7), we find the value of ae an, 
y 

If this turns out to be zero, the equation is exact. If not, it may 

contain either M or Vas a factor. By the general method of $ 80 

(already referred to in a footnote, $ 13), it will be seen that if 


IM aN. 


oy == is a function of x only, say f(x), then ao is an inte- 
3N _ ƏM 
Ox oy 


grating factor, and if is a function of y only, say f(y), 


then efaWa is an integrating factor. 


$17 THE FIRST ORDER AND THE FIRST DEGREE 25 


It may be interesting to call attention to the fact that this method of $ 80 also 


TERT, is an integrating factor in case M and V are homoge- ; 


neous and of the same degree, and that : is an integrating factor if 
M = YA), N= xf(ay)* 

These two classes of equations were considered in §§ 10 and 12, where we 
found transformations that separated the variables. Leibnitz (1646-1716) and 
his school endeavored to solve all equations of the first order and degree by in- 


informs us that 


troducing new variables which become separable in the transformed equation. 
Euler (1707-1783) and his school tried to solve all equations of the first order 
and degree by finding integrating factors. As a matter of fact, these are fre- 
quently spoken of as Euler factors or multipliers. But the idea of an integrat- 
ing factor seems to be due to a contemporary of his, Clairaut (1713-1765). 
Now it is interesting to note that just as every differential equation of the first 
order and degree has an integrating factor, in general, so it can be proved + 
that by a proper change of variables every such equation can be transformed into 
one in which the variables are separable. But in actual practice it would be 
awkward and difficult to carry out this method in all cases, just as it would be 
inadvisable to insist upon finding an integrating factor in every instance. 

These two classes of equations are of particular interest as affording examples 
of cases where both the general methods of solution can be readily applied. 


Ex. 1. (32° + 607+ 39%) dx + (22 + 3 xy) dy=0. 


IM oN 
dy a 1 , JF | 
= => s. e7 =xisan integrating factor. 
N" x 
Ex. 2. 2 xdx + (2 +7 +2y)dy=o0. 
ON _ IM 
o = 1. .. el% = æ is an integrating factor. 


Y 


* These methods cease to apply if rM + yV=o in the first case, and if rM —yN=0 
in the second. But in either of these cases, the solution of the equation is effected 


directly with ease. For if rM +yN = o, the equation takes the form o A 4 ; 

and its solution is ? = c; on the other hand, when xM — yN = o, the equation taker 
x 

the form > = ~t= i and the solution is xy = c. 


+ See Lie, Differentialgleichungen, Chapter 6, $ 5; also the author's Lie Theory, $ 20. 
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Ex. 3. (4+ 2y)dx +(x +21 —43)dy=0. 

Ex. 4. (y — y) dx + (yx — x*)dy=0. 

Ex. 5. Solve examples of $$ 1o and 12 by the method of this 
paragraph. 

Ex. 6. (9 —3 + 2 mxy dx + (my — mx? —2 xy) dy = o. 


18. Transformation of Variables. — In case the equation to be 
integrated does not come under any of the heads treated in this 
chapter, it is possible, at times, to reduce it to one of them by a 
transformation. No general rule for doing this can be formulated. 
The form of the equation must suggest the transformation to be 
tried. The following examples will illustrate. 


Ex. 1. xdy—ydx+ 2 xydx—xdx=0. 


Here x dy — y dx suggests the transformation == v. Making this 
transformation, our equation reduces to 


d a 
= + 2 xv = x, which is linear. 
An integrating factor is eS2*** or e”. 
“ye” = xe? de =e +e 


Hence the general solution is 
E 


I 

P A a 

¡=P 

Ex. 2. (x+4+ y) dy—dx=0. 

Here x+y suggests the transformation x+y=v. Making this, 
` our equation reduces to 

vdv—(u+1)dax =0, 


in which the variables are separable at once, so that we have 


$ 18 THE FIRST ORDER AND THE FIRST DEGREE 
Integrating, we have x = v — log (v + 1) +-<, 

ie. x=x+y—log(x+y+1)+6, 

or log (x+y+1)=y+0. 


This can also be integrated as follows : 
Writing it in the form 


dx 
— — X= 
dy Á 
we see it is linear, considering y as the independent variable, 
An integrating factor is e—Sdy = e=. 
Hence xei = f ye ddy = — ye- — eI +c, 
or . xa+y+1=ce. 


Ex. 3. x dx +y dy +y dx —x dy =o. (Ex. 3, § 16.) 


27 


Here x dx + y dy suggests x*+ y”, while y dx — x dy suggests 2. This 


combination suggests the transformation x? +7? = 7°, 2=tan0; or, 
x 


what is the same thing, x =>» cos 0, y = r sin 6. Then 
x dx + y dy = rdr, 
ydx—xdy= —r dð, 
dx = cos 0 dr —r sin 0 d0, 
dy = sin 0 dr + 7 cos 0 dô. 


Our equation then becomes 


dr 
— —d0=0, 
pa 


and the solution is 
1) 
log r—0=c, or log Vx F y — tan” =e 
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dy 


Ex. 4. s7 — ay + by =cx**,* This special form is characterized 


by the fact that, when the first term is a the coefficient of y is the 
x 


negative of half the exponent of x in the right-hand member. 
Putting y = x*v, the equation becomes ` 


et a mee BU Cx, 


dy _ ax 
sd c— bv? a 


in which the variables are separated. 


19. Summary. — In actual practice, when the equation M dx + 
N dy = 0 is to be integrated, we proceed as follows : 

By inspection we can tell when 

the variables are separated or readily separable ($ 9), 

M and N are homogeneous and of the same degree ($$ 10, 17), 

the equation is linear or directly reducible to one that is ($$ 13, 14), 

M and Vare linear but not homogeneous ($ 11), 

° M= yh (xy), N = fa (xy) ($$ 12, 17), 
° the equation is of the form x"y* (my dx + nx dy) + xPy" (py dx + 
vx dy) =0 ($ 15). 

If, on inspection (and with a little practice this inspection can be 
made very rapidly), the equation does not come under any of these 
heads, apply the test for an exact differential equation. It may 
happen that 

* This is a special form of Riccati's equation (see $ 73). 

+ It may be possible to recognize by inspection that an equation is exact. In such 
case proceed at once to integrate. Or an integrating factor may be obvious by inspec- 
tion (see 10° below). The general plan is to recognize, as promptly as possible, the 
general head under which any particular equation comes. In this summary and those 


of succeeding chapters the various possible methods are arranged in the order of the 
ease of application of the test as to whether any particular method applies. 
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> IM_ aN _ 
7 dy 5 =o (§ 8), 
o OM ON _ 
8 oe ($ 17), 
> ON aM _ 


If none of these cases arise, it may be possible to 
10” find an integrating factor by inspection ($16), or to 
- 11 find some transformation that will bring the equation under one 
of the above heads (§ 18). 
12° As a final resort the methods of §§ 80, 25, and 72 may be tried. 


Ex. 1. aVi-yde+tyVi-# dy=0. 
Ex. 2. Vi—ydx+vV1—# dy=0. 


“x d y 
E . ( e A — e 
do ay = x5 


Ex. 4. 0-4 = 1. [Put y — x =v]. 


Ex. 5. sOy aper=o. | 
Ex. 6. (1—x) ydx+(1—y)xdy=0. 
Ex. 7. (y—x)dy+ydx=o0. 

a Ex. 8 xdy—yd=Vx+Y dx. 

Ex. 9, (+a) —3y=2 (240). 


Ex. 10. x dy —y dx = VER dx. 


Y I J 
Ex. 11. (= sinz — y cos?) dx + x COS ró =0. 


a 12. (x—2y+5)dx+(2x—y+4) dy =0. 


. 13. 


. 28. 
29, (xy + x + xy? + y) de + (xt — xy? — ay + x) dy =0. 
. 30. (2Vxy—x) dy +y dx =o. 
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wy,» et CEE 
ax (1 — x’) (1 — <x’)? 


d l 
(1 — a?) Z — ay = ax. 


ay (3y dx + x dy) — (2 y dx — x dy) =0. 


(1 +x’) Yiy=tan x, 
ax 
(5 xy — 3.9") dx + (3x? — 7 xy’) dy = 0. 


Yyy cos x = Ísin 2 x. 
dx 2 


(xy +y) dx — x dy = 0. 


(1—x) y dx— (1 + y)x dy=0. 


3 xy dx + (3% + 1%) dy =0. 


(x? + y") (xdx + y dy) =(9 + y + x) (x dy — y de). 


(2x+3y—1)dx+(2x+3y—5)dy=0. 
(P — 2 xy) dx + (2 xy — dy =0. 
(xy — y) dx + (2 “y — x)dy =o. 
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(x? + y?) Cu Geo) So: 


(1 +0) 441 =o. Mad 
| Z. 


4 


x dy +(y—y? log x) dx =0. 


CHAPTER III 
APPLICATIONS 


20. Differential Equation of a Family of Curves.— Differential equa- 
tions arise in certain problems in Geometry and the physical sciences. 
For example, if we let x and y be the rectangular coordinates of a 
point in the plane, any relation among these, say (x, y) = o, repre- 


sents some curve, and the value of 2 at any point of this curve is 
7 6% 


the slope of the tangent at that point. 
Starting with a relation that involves an arbitrary constant rationally 


(1) . p&r, y, c) = 0, 
we have a family of curves, one curve corresponding to each value 
ofc. The differential equation corresponding to (1)*, say 


(2) Í (=, 72 = O, 
dy 


is of the first order. Since we can obtain from it the value of T. 


corresponding to any pair of values of x and y, we see that (2) defines 
the slope of the tangent of that curve of the family (1) which passes 
through any chosen point (x, y). In case (1)is of the second degree 
in c, we have, excluding exceptional cases, two curves of the family 
passing through any point, for to each pair of values of x and y 
correspond two values of ¢ which are distinct, in general. If, now, 
we turn our attention to the differential equation (2), it must give us 
dy 
dx 
* The curves defined by (1) are spoken of as the integral curves of (2). 
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two values of — for each pair of values of x and y, in general, since 
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two distinct curves pass through this point, and, excepting in the 
points where the curves are in contact, their tangents will be distinct. 

If, on the other hand, we start with the differential equation and 
suppose that it is of the second degree in 2 , itis clear that since at 
each point of general position,* we have two values for the slope, z.e. 
two tangents to the integral curves, we must have, in general, two 
integral curves passing through each point. Hence it follows that 
the general integral involves the constant of integration to ihe second 
degree. (See footnote to Ex. 3, $ 24.) l 

Perfectly generally, we can prove, by entirely analogous reasoning, 
that zhe integral of a differential equation of the first order and 


nth degree involves the constant of integration to the nth degree. 


Ex. 1. Find the differential equation of all circles through the 
origin with their centres on the axis of x. 

The equation of this family of circles is evidently x? + y? — 2 ax = œ 
Here a enters to the first degree. 


Differentiating, we have x + y a —a=0. 
Eliminating a, we get 

2 xy a + x? — y? =0, which is of the first degree. 
[As an exercise, the student should integrate this. ] 


Ex. 2. Find the differential equation of all circles of fixed radius 
r and with their centers on the axis of x. 

The equation of this family of circles is(x—a)?+y’=7, Here 
a enters to the second degree. 


f ae d 
Differentiating, we have, (x — a) + I =0. 
* By point of general position, we mean a point at which there is nothing peculiar 


about the family of curves (such as having two curves tangent to each other there), or 
about any of the curves of the family (such as a double point). 
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Eliminating a, we get 
2 
y (2) + y = 7°, which is of the second degree. 


Ex. 3. Find the differential equation of the system of confocal 
conics whose axes coincide with the axes of coordinates. 


Hint. —Since the distance of the focus of the conic 21%- 
from the center is Va? F 2? it is quite clear that all the conics 


x +. = 1 have the same foci, no matter what c may be. Hence 
¢ c— 


this is the equation of a system of confocal conics whose foci are 
at the points (+ VA, 0). Here c is the arbitrary constant to be 
eliminated. 


Ex. 4. Find the differential equation of the system of parabolas 
whose foci are at the origin of codrdinates and whose axes coincide 
with the axis of x. 


Ex. 5. Find the differential equation of the family of straight lines 
tangent to the circle a2 yf = 7, 


Ex. 6. Find the differential equation of the family of straight lines 
the sum of whose intercepts on the axes is a constant. 


‘Ex. 7. Find the differential equation of the family of nodal cubics 
(y—af=2x(x—1), | 
each curve of the family being tangent to the axis of y, and: having 
its node at the point (1, a). 
Ex. 8. Find the differential equation of the family of nodal cubics 
y=2x (x— a)’, 
each curve of the family being tangent to the axis of y at the origin, 


and having its node at the point (a, o). 


Remark, — If the equation of the family of curves involves more than one 
arbitrary constant, the corresponding differential equation will, of course, be of 
higher order than the first (§ 3). 
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Ex. 9. Find the differential equation of all circles tangent to the 
axis of y. 


Ex. 10. Find the differential equation of all central conics whose 
axes coincide with the axes of coordinates. 


Ex. 11. Find the differential equation of all parabolas whose axes 
are parallel (a) to the axis of x, (4) to the axis of y. 


Ex. 12. Find the differential equation of all circles of the same 
radius 7. 


21. Geometrical Problems involving the Solution of Differential 
Equations. — Differential equations of the first order arise and must 
be solved in geometrical problems where the curve is given by proper- 
ties whose analytic expression involves the derivative of one of the 
coordinates of a point on the curve with respect to the other. An 
example or two will illustrate : 


Ex.1. Find the most general kind of curve such that the tangent 
at any point of it and the line joining that point with the origin 
(which we shall call the radius vector to that point) make an isos- 
celes triangle with the axis of x, the latter forming the base. 

The tangent of the angle between the tangent line and the axis 


of x is 2, while that of the angle between the radius vector and the 
x 


. . J, 
axis of x is E 


Hence we must have 

dy y 

2 or x dy +y dx =Q. 
Integrating, we have 

xy = constant, 


which is evidently an equilateral hyperbola. 
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Ex. 2. Find the most general kind of curve such that the normal 
at any point of it' coincides, in direction, with the radius vector to that 
point. | 


Since the slope of the normal is — =, we have 
y 


dx _ y 
===”*, a ay=o. 
dy s or x dx + yay=0 


Integrating, we have 
x +y =c, a constant ; 


this is evidently a circle. 

Since the differential equation is of the first degree, a single value 
of the constant corresponds to a pair of values of x and y. Geo- 
metrically, this" means that through each point passes one curve of 
the family. Thus, if r= 1, y=2, then c=5. That is, through 
the point (1, 2) passes the circle x? +3°= 5, and this is the only 
circle of the family which does. 

From the above simple examples the general method of procedure 
may be seen. It consists, first, in expressing analytically the given 
property of the curve (this gives rise to a differential equation) ; 
secondly, we must solve this equation ; and finally, we must interpret 
geometrically the result obtained.* 

In the Differential Calculus those properties of curves involving 
differential expressions are usually studied, and their knowledge will 
be presupposed here. For purpose of convenient reference, the 
following list will be given: 


1° Rectangular coórdinates 


(a) a is the slope of the tangent of the curve at the point (x, y) ; 
x 


* The general solution of the differential equation, involving an arbitrary constant, 
represents an infinity of curves. If we know a point through which the curve must 
pass, or if in any other way the conditions of the problem determine the constant of 
integration, either uniquely or ambiguously, one or several curves of the family alone 
fulfill the requirements. 
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(6) — S is the slope of the normal at (x, y); 
y. 
(c) Y—y= Bx — x) is the equation of the tangent at the point 
x 
(x, y), X and Y being the coordinates of any point on the line ; 


(d) Y—y=-— > (X — x) is the equation of the normal at (x, y) ; 


(e) x— <A “and y- 2% are the intercepts of the tangent on the | 
Y 
axes ; a 
dy dx : 
(AN «+ I and y+ x dy are the intercepts of the normal on the 


axes ; 


(g) () oir + (“) (Ey. and “A :+(2 y are the lengths of the tangent 


from the point of contact to the x and y axes respectively ; , 


AN TINE | 
(h) »N I+ (E) and xa] I O) are the lengths of the normal 
from the point on the curve to the x and y axes respectively ; 


(£) 5 is the length of the subtangent ; 


(7) v2 is the length of the subnormal ; 


(k) ds = V dè + dy = deq: + A = dy ql: +(5)' is the ele- 


ment of length of arc ; 


(2) y dx or x dy is the element of area. 


2° Polar coordinates 


(m) tan Yy =p 2 , where y is the angle between the radius vector 
p 


and the part of the tangent to the curve drawn towards the initial 
line ; 

(n) r= O04 A where r is the angle which the tangent makes with 
the initial line ; - 
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(0) p tany= AS the length of the polar subtangent ; 


2) p cot y = j £ the length of the polar subnormal ; 


(q) ds = Vip m = apy) +e(Z) =a (EY +e +p? is the 
p 


element of length of arc; 
(7) 4 p? dð is the clement of area ; 


(s) P=psiny=/’ > is the length of the pempendieñas from 
5 


the poe to the tangent. 


O a) + 


Ex. 3. Determine the curves such that the normal (from the 
point on the curve to the axis of x) varies as the square of the 
ordinate. In particular find that curve which cuts the axis of y at 
right angles. 

Using (4), we have the differential equation of the curve 


dy dy dy 
— = —= j= == = 
Nt aes y”, or + (52) Ry’, or a) ear 


Integrating, we get 
zloa( ay + v key? — i)= =x +c, 
or ' =e G 4l e=), a family of catenaries. 
. 2k c 
To find the curve of the family which cuts the axis of yat right 
“angles, we must find that value of ¢ for which 2.0 for x=0. 
lx 
Now o) =! 6 — =) This equals zero for ¢ = + 1. Hence the 
0 c 


2 


equation of the required curve is + y= > (© + = A cosh Za 
2 v 


38 DIFFERENTIAL EQUATIONS $ 22 


Ex. 4. Determine the curve such that the area included between 
an arc of it, a fixed ordinate, a variable ordinate, and the axis of x is 
proportional to the corresponding arc. 

Using (2) and (/), we have 


4 (Or dN _ 
NE + ES = hy, or 1 + (2) =e 


This is the same differential equation that arose in Ex. 3. Hence 
the catenary has also this property. 


Ex. 5. Find the curves such that the polar E ERN is propor- 
tional to the radius vector. 


Using (0), we have eo = kp, or kap dð. 
dp p 
Integrating, we have p* =ce®, a family of spirals. 


Ex. 6. Determine the curves whose subnormals are constant. 


Ex. 7. Determine the curves whose subtangent at each point 
caua the square of the abscissa at that point. 


Ex. 8. Determine the curves such that the perpendicular from the 
origin upon the tangent is equal to the abscissa of the point of 
contact. 


Ex. 9. Determine the curves such that the angle between the 
radius vector and the tangent is one-half the vectorial angle. 


Ex. 10. Determine the curves whose polar subtangent is four 
times the polar subnormal. 


22. Orthogonal Trajectories. — A curve, which cuts every member 
of a family of curves according to some law, is called a ¢rajectory 
of the family. Thus, it may cut every curve at a constant angle; if, 
in particular, that angle is a right angle, the trajectory is said to be 
orthogonal. It is at times possible to find a second family such that 
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each curve of the one family is cut at right angles by every curve 
of the other. If such a pair of families of curves exists, each ıs 
said to be a set of orthogonal trajectories of the other. 

Starting with the first family whose equation is 


(1) p (x, y, €) =0, 

we find the corresponding differential equation 
; d 

(2) s(a zy )=0, 


d 
which,as we have noted before, defines A , the slope of the tangent 


at (x, y) to the curve of the family through that point. Obviously 


(3) 1(- = z y)=0 


will have for integral curves a family such that the slope of the tan- 
gent to the curve through the point (x, y) at this point will be the 
negative reciprocal of that in the case of the corresponding curve of 
(1) ; £.e. wherever a curve of the one family cuts one of the other 
their tangents are at right angles, and therefore the curves are said to 
be at right angles themselves. 

The integral of (3) will then be the equation of the desired family. 


Ex. 1. Find the orthogonal trajectories of a family of concentric 
circles. 
Taking the common center as the origin, the equation of the circles 


is x? + y? =’, and their differential equation is x + ye = 0. 
Hence the differential equation of their orthogonal. trajectories is 
ax dx dy 
x —y— =0, or =—=Ú=0. 
dy x Y 


Integrating, we have 
grating, y=cx, 


a family of straight lines through the center of the circles. 
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“ Ex. 2. Find the orthogonal trajectories of the family of circles 
through the origin, with their centers on the axis of x. 

The equation of this family of circles is x? + y? —cx=0. We 
have seen (Ex. 1, $ 20) that the corresponding differential equa- 


tion is 2 xy Of xa*—y=0. Therefore, the differential equation of 
the orthogonal trajectories is 2 aye —x+y=0. 
| y 


As this equation is obviously derivable from the other by inter- 
changing x and y, its integral must be x? + 3° — cy = o, the family of 
circles through the origin with their centers on the axis of y. 

[Let the student verify this result by actually integrating the 
equation. ] 


Ex. 3. Show that a family of confocal central conics is self- 
orthogonal. 
The equation of such a family of conics with their axes taken 


2 
for axes of coórdinates is (Ex. 3, $ 20) + = 1, and its differ- 
l c€  c— 

' Bear al dy N? ; d 

tial t Y an 2 xy=0. 
ential equation is a(z) +( y en xy=0 

Since this is left unaltered, when we replace 2 by J we see 

ax dy 


that the family of curves is self-orthogonal. As a matter of fact, 
it is well known that a system of confocal central conics is made up 
of ellipses and hyperbolas, such that through any point there pass 
one ellipse and one hyperbola, and these cut each other at right 
angles. (See Ex. 17.) 


Ex. 4. Prove that the family of parabolas having a common focus 
and a common axis is self-orthogonal. 
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Ex. 5. Prove that the differential equation of the family of trajec- 


tories which cut the integral curves of f e e ») = o at an angle « is 
ha 


Da 
J D. x, yj =0.* 
1 +tan«& We 


In particular show that the trajectories which cut the lines y= cx 
at a constant angle a are the logarithmic spirals 


- log (x? + y?) E tan”? A 


m x 
or r= ce”, 

Ex. 6. Find the trajectories which cut at a constant angle «œ the 
circles through the origin with their centers on the axis of x. 

Ex. 7. Find the trajectories which cut at a constant angle «a 
(other than a right angle) a system of concentric circles. 

Ex. 8. Find the orthogonal trajectories of the parabolas 
P =4 cx. 
Ex. 9. Find the orthogonal trajectories of the hyperbolas x’—y’=<. 

Ex. 10. Find the orthogonal trajectories of the similar central 
conics ax? + by? = c, where a and å are fixed constants and ¢ the 


arbitrary constant. 
In polar coórdinates the equation of a family of curves will be 


(1) plp, 6, c)=0; 
and the corresponding differential equation will be 
(2') Moo p,0)=>0, 

l dp 


which defines = at each point (p, 6). 
p 


* In practice it will be simpler to replace tan a by a single letter, say m. 
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We have noted, $ 21 (7), that, if y is the angle between the radius 


vector to the point (p, 0) and the tangent at that point drawn in a 


definite direction, tan y = p E : 


If now, y' is the angle for the curve 
cutting this one at right angles at the point (p, 0), we have 
y! —y= +Z, or Y =yw+ 7. Hence 

2 | 2 
I 


tan as ag PET 


Using primed letters for the second curve, we have then 


At the point of intersection of the two curves p'=p, 6'= 8. 
Hence 


— 1 dp 
! 2% p,0)=0 
(3) J ( p? dô P ) 
is the differential equation of the orthogonal trajectories of (1", 
since the value of p given by it equals that of — 1 de given by (2'). 
dp p 20 


Vote.— Frequently @ is taken as the independent variable. In 


this case (2') will be in the form f a 


76° ©? 0)=0, and (3') will 


then be 
de 
ne PT P> 9)=o. 
Ex. 11. Find the orthogonal trajectories of the family of lemnis- 
cates p° = ¢ cos 2 0. | 
Differentiating and eliminating c, we find the differential equation 


of the family to be ze = — tan 20. Hence the differential equa- 
p 


tion of the orthogonal trajectories is 
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A —_ Ze = t 
or dp =cot 2 0 dð. 
p 


Integrating, we find p?=£ sin 26, a second family of lemniscates 
whose axis makes an angle of 45° with that of the first family. 


Ex. 12. Find the orthogonal trajectories of the family of cardi- 
oids p = ¢(1 — cos 0). 


Ex. 13. Find the orthogonal trajectories of the family of logarith- 
mic spirals p= e°. 


Ex. 14. Find the orthogonal trajectories of the family of curves 
p” sin m0 = c™. 


Ex. 15. Find the orthogonal trajectories of the family of curves 


I = sin? O +c. 
p 
Ex. 16. Find the orthogonal trajectories of the family of confocal 
and coaxial parabolas p = —5——. 
1— cos 6 


y Ex. 17. Find the orthogonal trajectories of the family of confocal 


— 2 e 
BR aed ee c being the parameter, A a fixed constant. 
¢—Xcosé 


conics p = 

23. Physical Problems giving Rise to Differential Equations. — 
Problems frequently arise in Mechanics, Electricity, and other 
branches of Physics whose solution involves the solution of differen- 
tial equations. As a knowledge of these subjects is necessary to 
understand properly the problems that arise in them, we shall restrict 
ourselves, as far as possible, to problems involving only very element- 
ary principles. As in the case of geometrical problems, the mode 
of procedure is, first the analytic expression of the given data of the 
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problem, (this gives rise to the differential equation) ; then comes 
the problem of solving this equation, with an interpretation of the 
result. Frequently there is the additional step of fixing the value of 
the constant of integration so as to satisfy the requirements of the 
problem. 

The following examples will illustrate : 


Ex. 1. A body falls vertically, acted upon by gravity only. If it 
has an initial velocity 7, what will be its velocity at any given instant, 
and what will be the distance covered in any given period of time ? 

_ The motion being rectilinear, a single coordinate, x, will be suf- 
ficient to determine the position of the body. Suppose the position 
of the body at the time Z= o to be xy oe is called its initial 
position). 

The velocity, which we shall represent by 7, is Z, and the accelera- 


tion, represented by f, is Z - Incase gravity acts alone, the accelera- 


tion is constant, and this constant is usually designated by g. We 

have now a : 

di 

Integrating this equation we get 
v=gt+ c. 


When ¿=0, we have given v =v» .'. ¢=%, and the answer to our 


first question is given by Ñ 
Y = gt + Uo» 


To find the position of the body at any instant we must integrate 


The general solution of this is 


x=tePtutte 
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Since x= x, when ¢=0, we must have c= xp) Hence at any 
instant 4 x = l gÊ + Ult + x, 
and the distance covered in the period ¢ is 
x — Xy = $ gË + wl. 

/ Ex. 2. A particle descends a smooth plane making an angle « with 
the horizontal plane. The only force acting is gravity. If the par- 
ticle starts from rest, find the velocity at any moment 4 and the dis- 
tance traveled in the time 4 . [Hint.— Here the acceleration is 
g sin a, the component of g in the direction of the motion.] Prove 
that if a particle starts at rest from the highest point of a vertical 
circle, it will reach any other point of the circle when moving along 
the chord to that point in the same time it would take to drop to the 
lowest point of the circle.— TAIT AND STEELE, Dynamics of a Particle. 


Ex. 3. A particle falls through a resisting medium (such as air) in 
which the resistance is proportional to the square of the velocity ; 
what is its motion ? 

The equation of motion is then 


du 
— =g — kv. 
dt $ 
Here the variables are separable, and we have 
du 
= dt. 
g— kv 
Putting gk = 7°, this becomes 
LU = dt, or w AR = 2 dí. 
ero 7 g+ i g— ru 
Integrating f ¡Ea pe = 2 f ‘dt we have* 
Y) NEHF 7D E-—Y0) . 0 


* A knowledge of hyperbolic functions enables one to effect the integration much 
more expeditiously, especially if vp = O. 
da = 1 tanh! Z. .. v= ae E tanh rf, 
BRA. E £ dt r 


Integrating again, we have + — xo = a log cosh 74, 
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1 [log (g +10) — log (g+ res) — log (g — r2) + log (g — ruy)] = 2 4 


or I log (E Etm) =2¢ 
r 


oe gtr EEM Uo ¿are 
EU §—TU 


Temporarily put the constant &+7% _~ Then 
§& — 70 


Since y= , the position at any time is given by 


x g t ee?! a | 
ax = x — Xy => dt, where ¢ must finally be replaced 
Zy rd, cepa 


by its value in terms of %. If the body falls from rest, 7% = 0, .'. c= 1. 
[As an exercise, the student may carry out the integration indi- 
cated above. | 


Ex. 4. The acceleration of a particle moving in a straight line is 
proportional to the cube of the velocity and in the opposite direction 
from the latter. Find the distance passed over in the time 4 the 
initial velocity being 7, and the distance being measured from the 
initial position of the particle, z.e. x)= 0. 


cae — kv’, pp ee 
at —v 
I I | V dx 
2. —— = zkh orv = — ==; 
o w Vkvut+ri YU i 
and a = RRE RI —1, 


kU 


Ex. 5. Find the distance passed over in the time 4, if the accelera- 
tion is proportional to the velocity. 
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Ex. 6. One of the important equations in the theory of electricity 
is f l 
di ; 
L=+Ri=E 
7 ¿E , 


where 7 is the current, Z the coefficient of self-induction (a constant), 
& the resistance (a constant), and Æ the electromotive force, which 
may be a constant (including zero) or a function of the time. This 
equation is linear ($13). Find ¢ if (a) Æ =o, (b) E = constant, 
(c) E = Æ, sin wi, (Eo and w being constants), (4) Æ = any function 
of the time, say Æ (7). 

Case (c) plays such an important róle in the Theory of Electricity | 
that its solution is given here in detail. This equation arises in the 
case of alternating currents, where the electromotive force is a peri- 
odic function of the time, the period being ir, and the maximum 


value of the electromotive force is Æ 


di i=% sin wé 
dt L L 
. . B; 
An integrating factor is eL. 


R R 
-~ deL =P fer sin wi dt + €. 


a sin wf — w COS wé pat 


Since fe“ sin wf af = 3 
a+ w 


A gin w — w COS wé 
L 


R 
tex‘ = A Lori +c 
— + 0% 
LI? 


l 
E 


(E a) R, 
a ee te 


rR + wL? 
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Eo Æ sin wf — wl Cos wf ri 


= SS E E REE +c 
VĒ + oZ’ VR? + oZ” 


Ze 
E er 
= —0———Sin (wf — $) + 
VE + SI ne 
where sin $ = —- qe , COS GQ A 
VR +o L V+ 
-2, 
oe Lo $) + ce L, 


VR + 


The term ce i usually becomes negligible after a very short inter- 
val of time. The current then becomes periodic with the same fre- 
quency as the electromotive force. But the two are not in the same 
phase, the current lagging behind by the angle ¢. 


CHAPTER IV 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
HIGHER DEGREE THAN THE FIRST 


24. Equations Solvable for p. — For the sake of simplicity we shall 
adopt the generally accepted notation of replacing 2 by p. Our 
e 


equation may then be written 


(1) Fe, x; y)=0. 


If this equation is of the th degree, we may look upon it as an 
algebraic equation of the wth degree in p. Let its roots be /(x, y), 
TAX, Y), "ful, y), then the equation may also be written 


(2) [2 —h(x, y)] [2 — h(x, y)] = [2 ACZ y)] = 0. 


Consider now the differential equations arising on equating each of 
these factors separately to zero. If we can integrate each of these 
by some method of Chapter II, we can readily get the general solu- 
tion of (1). Let the solútions of the separate equations arising from 
(2) be $, (x, y, £) = 0, p(x, y, c) = 0, +++, Pa (4, y, e) =0. It is quite 
clear that 


(3) $ (x, ds c) h(x, Y» c) ds (x; Y» c) + Dy (x, Y) c) =0* 
is the solution of (1). For, the vanishing of the left-hand member of 
(3) means the vanishing of one of its factors. This will cause one of 
the factors of (2) to vanish, when substituted in it, and consequently, 
- the original equation will be satisfied. Besides, a constant of inte- 
* If one of the ¢'s is not rational, there will be found certain other irrational ones 
which, with it, form a set of conjugate irrational functions whose product is rational 
(see Ex, 2 below). The result of rationalizing any ¢ of the set is the same as this 


rational product. In practice it is frequently desirable to make use of this fact. The 
student should verify this fact in the case of Ex. 2, 


49 


50 DIFFERENTIAL EQUATIONS $ 24 


gration is involved.* We see that the constant enters to the same 
degree in (3) that fp does in (1). (Theorem, $ 20.) 


Ex. 1. P+(x+P+xy=0, 
or (p+2)(P+)) =o. 


Integrating A +x = 0, we get 2y +4 2 =c; 


and integrating e + y =0, we get log y + x = k, or y = ce”?, 
lx 
Hence the general solution is (2y + 2? — c) (y — ce) = 0. 


Ex. 2. xpP—2yp-x=0. 


2 
Solving this for p, we get PEREA - We have, then, to 
x 


consider the two equations xp — y = Va? + y 


and xp—y=-vVa + py. 
AO a LA may be written ge  A eS which gives, 


Vx + ¥ a A 
a+ S x? N a (2) 
on integrating, 


aN ANS 
log 24 Vr +(2) |=108 5 +4 0r2 +1 +(2)— x = 0. 


* Since (3) is a solution by having each of its factors separately satisfying the differ- 
ential equation (1), it may be asked why we use the same constant c in all the factors, 
If we iook upon equation (1) as equivalent to the # separate equations arising on 
equating each of the faciors of (2) to zero (which, in fact, it is), then we really have 
m equations to solve, and the various factors of (3), involving distinct constants, are the 
solutions of these. But if we require the general solution of (1) to be given as a single 
expression, first, there is no room for more than one constant of integration ($ 4), and 
then, there is no loss in using the single constant throughout, from the very fact that (3) 
is a solution by virtue of each factor separately satisfying the equation. 
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Integrating xp —y = — Va? + y?, we get in a like manner 


Hence the solution is 


Boga 
or ox? —2cy—1=0. 


Ex. 3. 94 pP=1. 


d e e 
Here = +V1—y*. Solution of 7S = dx is sin’ y= x +c, 
or y=sin (x+ c); while that of D - = ax is y= cos (x +). 
— I — 


Since ¢ is perfectly arbitrary, either one of these is sufficient as the 


general solution of the equation ; * for sin (= +c+ 3) = cos(x + €). 
2 


* Since c enters in a transcendental way, and not to the second degree in the solu- 
tion y = sin (x +c), or y= cos (x +c), we seem to have an exception to the rule of 
$ 20. It is really not such. That rule presupposes that the constant of integration 
enters algebraically. We can make our solution conform to the rule by writing it in 
the form (sin—ly — x—c)(cos-ly—x—c) =o. As a matter of fact the rule was 
based on the fact that through each point of general position pass two integral curves 
of a differential equation of the second degree. So here, of the infinite number of 
values of c that satisfy y = sin (x + c) for a given pair of values of x and y, only twc 
will determine distinct curves. A more elegant form than the one above, in which ¢ 
enters algebraically and to the second degree, may be gotten thus: Since c is any 


k : 
; then cosc= ; whence, remembering 


1— 22 2 

1+22' 1 +22 

that sin (x + c) = cos c sin x + sin c cos x, the solution takes the form 
y — cos x — 2ksinx + (y + cosx) =o. 


number, we may write sinc = 
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Ex. 4. (2xp— y) =8 2.. 
Ex. 5. +P =. 
Ex. 6. P—(234)P+(0—-y+224y)p— (0 —y)y=0. 


25. Equations Solvable for y. — If the equation can be solved for 
y, the following method will frequently be found useful. Solving for 
y, we have 
(4) y =y (x, P). 

Differentiating this we get Sane 
6) Om 5s Sp ae 


a differential equation which is really of the second order, but since 
y is no longer present, it may be looked upon as an equation of the 
first order in the variables x and p. It may happen that w we can inte- 
grate this equation. Suppose its solution to be 


(6) w(x, p) =c. 
Eliminating p from (4) and (6) we have 
(7) $ (x, J, c) = 0, 


which is a solution of (4); and, since it EnV OIES an arbitrary con- 
stant, it is the general solution. | | 

We know that (7) is the solution of (4) from the following consid- 
erations: Since (5) is the derivative of (4), every solution of (4) is. 
a solution of (5), considered as an equation of the second order in x 
and y. Since (6) is a solution of (5), every solution of (6) looked 
upon as a differential equation in x and y is a solution of (5). (4) 
and (6) are known as first integrals of (5). Since (4) contains y and 
(6) does not, these two first integrals are evidently independent. 
Equation (4) has an infinite number of integral curves,* and so has 


* We use this geometrical mode of expression, not because it is essential to the 
argument, but because it is simpler. 
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(6) for each value of c. To find the curve or curves common to the 
two families of integral curves we shall have to find the equation of 
the locus of those points for which (4) and (6) determine the same 
value of p.* But this locus is evidently gotten by eliminating p from 
(4) and (6). For each value of ¢ we get thus one integral curve of 
(4). Hence, when ¢ is an arbitrary constant, we have the general 
solution.f 


Note, — This method applies equally well to equations of the first degree. See 
Ex. 4. 

Remark. — At times it is easy to integrate (6). Doing this, a relation 
(8) ® (4, y, c, el) =0, 
involving two constants, results. This is the general solution of (5) and must 
therefore contain that of (4) for some relation between c and c!. This relation 
can be found by substituting (8) in (4) and noting what condition is imposed, 
so that the equation be satisfied. In actual practice, however, this method will 
generally not be as desirable as the one given above. 

Ex. 1. 2x —y + logs = 0; or 
(1) y=2px+log p. 

Differentiating, we get 


rosa (etal 


or pdetasdp+ dao. 


An integrating factor is seen, by inspection, to be p. Using this, 


we Rave p dx + 2px dp + dp=o. 
Integrating we have 


(2) putpHe. 
Eliminating p between (1) and (2), we have the required result. 


* As already mentioned (§ 20), a differential equation of the first order may be 
looked upon as defining /, the slope of the integral curve, at each point (x, y). 

+ Since the process of eliminating > from (4) and (6) may introduce extraneous 
factors, and errors may enter in other ways, it is desirable to test the result (7), by find- 
ing out whether it actually satisfies the equation (4). 
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Remark, — In this case, while it is perfectly possible to perform this elimina- 
tion [since (2) can be readily solved for Pp, and the latter value can be put in 
(1)], the result will not be very attractive in form. It is simpler to say that 
(1) and (2) taken together constitute the solution, in that, from them, we can 
express x and y in terms of fp, which may be looked upon as a parameter. Thus 
from (2) we have 


and .'. y= a + log p. 


Such parametric representation is frequently resorted to; thus, for example, 
the parametric equations of the ellipse 


x= a cos 0, 

y =0 sin ð, 
where 0 is the eccentric angle, and also the usually adopted equations of the 
cycloid 


x=a(@— sin 0), 
ceo 
Ex. 2. 4 xf? +2 xp—y=0; 
or y=2 xp +4 xp’. 


Differentiating, we have on collecting terms, 
d 
(4p + 1) (ax Ê +p) =0. 
he 


Neglecting the factor 4+1, whose significance we shall see later 
($ 32, note), we have, integrating the other factor, xf? = $’. 
Hence the solution is y = 2kV x + 42’, or putting 24=c, 


y= eV x +e. 
Rationalizing this, we have 
(y — e F= ex, or putting += C, 


(y — CY = Cx. 
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Ex. 3. xp" — 2 yp — x =0. (Ex. 2, $ 24.) 
Ex. 4. p+ 2xy=a*4+ y, 
Ex. 5. y=— xp + xP. 
Ex. 6. P+2xp—y=0. 
26. Equations Solvable for x.—A method, entirely analogous to 


that of the previous paragraph, can be deduced in case the equation 
can be solved for x. Suppose the equation in the form 


(9) T= 0 (y, 2). 


Differentiating with respect to y we get 


(10) dx 10% , 06 dp, 
dy p oy 0pdy 


Here x no longer appears, and we may look upon this equation as 


one of the first order in y and f. If we can integrate this, we obtain 
a relation involving an arbitrary constant, 


(11) x (9, P, ¢) =0; 


and on eliminating p between (9) and (11) we have the- general 
solution. 


Ex. 1. «+ py (27°+ 3) =0. 
Ex. 2. ayf?—2ap+y =o. 
Ex. 3. x«f?’—2yp—x=0. (Ex. 3, $ 25.) 
Ex. 4. P—4xyp4+8y=0. 


Ex. 5. Find the family of curves for which the length of the nor- 
mal (from the curve to the axis of x) is equal to the square root of 
the length of its intercept on the axis of x. 
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27. Clairaut’s Equation.* — If the equation is of the form 


(1) I= $x +D), 
where f ( $) is any function of f, the solution is gotten so readily that 
especial attention should be given to this form of the equation, in 
order that it may be recognized at once.f 

Using the method of $ 25, we have 


pap tle +a, 
or Z [x +f\(p)]=0. 


Neglecting the factor x +./'(/), which involves no differential ex- 
pressions (see § 32, note), we have 


LA o, whence p = 4 
dx 


Putting this value in (1) we have 
(2) y =ex +f (e), 


which is the general solution of (1). 


Ex, 1. (px—y =p} + 1. 
Solving for y, y=pxt VP +1. 
This being in Clairaut’s form, its solution is known at once to be 


y=cx 4 VO+1, 
or (x-y =+. 


* This form of equation is named after Alexis Claude Clairaut (1713-1765). He 
was the first to apply the process of differentiation ($$ 25, 26) to the solution of equa- 
tions. His application of this method to the equation that bears his name was pub- 
lished, Histoire de l'Académie des Sciences de Paris, 1734. 

+ The student should be able to recognize this equation, not only when it is solved 
for y, as it is in (1). Obviously, what characterizes this form of the equation is thaf 
x and y occur only in the combination y— px. Hence any function of y — px and 
p equated to zero, say f(y—px, p) =o is a Clairaut equation, and its solution is 
Fly —cex,c)=0. (See Ex, 1.) 
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Ex. 2. 4% + 2xp— 1=0. 


Put e” =f then p= a = y z, and the equation becomes 
dt (dN 
t=x aka 
id ax E (5) 


its solution is = cx + e? or e” =cx + e. 

Remark.— At times, as in the case above, a transformation can be 
found to simplify very materially an equation which will not yield 
directly to any of the previous methods. Unfortunately these trans- 
formations are not always obvious. Experience, and frequently that 
alone, will help one in making a proper choice. 

Ex. 3. 4P + 2 ep — e” =0. 


Put e = u, Y = v, then pS, and the equation becomes 
2 v du 


whence its solution is ev=cer Ea 


Note.— One’s first impulse would be to try e* = u and e? =v. Our equa- 


2 
2) - This is not in Clairaut's form; but it 
u 


can be integrated (see Ex. 2, $ 25), so that this transformation is also effective. 


tion then becomes v= 2 u Z +4u 
u 


Ex. 4. PP + (e* + &*)p — e* = 0. 
Ex. 5. xp? —y'p+x=0. (Let X= u, y =v.) 


Ex. 6, (x? + 9°)(1 + p)?— 2(x + yy) + p)(% +30) +(% + 3p)'=0. 
(Let x +y =u, $ +y =v.) 

Ex. 7. y=2px +P. (Lety =v.) 

Ex. 8. aypf—2xp+y=0. (Ex. 2,§ 26.) (Let 2x = u, =v.) 

Ex 9. (xp —y)? =x(2 xy — xp). ÍA yin 
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28. Summary. — Given a differential equation of the first order 
and higher degree than the first, there are three methods * which 
suggest themselves, to be tried in actual practice in the following 
order : 

° Solve for fp, and then solve the resulting equations of the first 
degree ($ 24). 

°” Solve for y, differentiate with respect to x, integrate, and 
eliminate between this solution and original equation (§ 25). 

3° Solve for x, differentiate with respect to y, integrate, and 
eliminate p between this solution and original equation ($ 26). 

Clairaut’s form (§ 27) has been given special prominence in this 
chapter because of the ease of finding its Sonor: It is, of course, 
solved by method 2°. 

If none of the above methods work, a substitution must be sought 
to bring the equation into manageable shape. 


There are certain cases when we can tell in advance that some or all of these 
methods work. Here the difficulties are those of Algebra or the Integral Cal- 
culus, and not of the Differential Equations. For example, consider the follow- 
ing cases: 

(a) If the equation in > is algebraic and all the coefficients are homogeneous 
and of the same degree in x and y, then, on dividing by the leading coefficient, 
all the coefficients are homogeneous and of zero degree. Hence, if we can solve 
for p (which is an algebraic process), we shall find p as homogeneous functions 
of x and y of degree zero, and the resulting equations, when subjected to the 
transformation y = vx, will have their variables separated ($ 10) and are solvable 
by quadratures. 

Again, since after dividing by one of the coefficients of the equation the 


equation is a function of ¿and a say f (a A = 0, if we solve for y, (or 2) 


we get y =xY(p). Differentiating, we have, 


d ow YZ A 
P=V¥(p) + xy! y pa AS VOD) eee 


where the variables are separated. 


* It is almost needless to remark that these methods are not mutually exclusive 
Two, or all three, methods may be applicable to some equations. 
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Hence, in this case methods 1° and 2° both work, provided we can solve for 
p and for y. 
(4) If x is absent, so that the equation is of the form /(/, y)= 0, solving for $, 
dy dy 
tp=2= 1), Or 
we get p de YO), y) 
Again, solving for y, we get y=y(p), and differentiating, we have = y!(p) ze 


= dx. 


or Er = dx, where the variables are separated. 


Here again methods 1° and 2° both work. 

(c) If y is absent, equation is f(f, x) =0. Let the student show, as an 
exercise, that in this case methods 1° and 3° both work, provided we can solve 
for p and for x. l 

(d) If the equation is of the first degree in x and y, thus, xfi (pf) +y f2 (2) 
+f (£) =0*, it is readily seen that method 2° works. For, solving for y, we 


have 
y = xyi (2) + Y2 (2). 


Differentiating, we get 


224) + h (A) + (AE. 


Considering $ as the independent variable, this may be written, 


dx p Y'A — vel (p) 
ap wWlp-p P-Y1(2) 


which is linear and can be solved by quadratures (§ 13). 

Ex. 1. Y(1+7*)=2’. 

Ex. 2. yp=(x—0)P + a. 

Ex. 3. xP + x*yp+1=0. 

Ex. 4. 3Px—6yp+x+2y=0. 
- Ex. 5 y=P(x+1). 

Ex. 6. (pxX—y(p+x)=ap. (Let X= u, y =v.) 
—Ex. 7. p?+2pycotx=y’. 


* Clairaut's equation is a special case of this. 
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Ex. 8 (1 +P — 224p +7 — 1=0, 
- Ex. 9. tP —2(xy + 2p) +7 =0. 


Ex. 10. y=3p+% (Let 1?=u, y =v.) 


Ex. 11. x9?—2xyp+ Y =3%Y + xt 
So I — x$ aa 
Ex. 12. ——— =f( Vx +3. (Let x= p cos 6, y = p sin 8. 
Va ( p p sin 0.) 
Ex. 13. Find the equation of the curves for which the distance of 
the tangent from the origin varies as the distance of the point of 
contact from the origin. 


Ex. 14. Find the equation of the curves such that the square of 
the length of arc measured from a fixed point is a constant times 
the ordinate of the point. (Let the constant factor be 44.) 


Ex. 15. Find the equation of the curves down each of whose tan- 
gents a particle, starting from rest, will slide to the horizontal axis 
in the same time. [As in Ex. 2, § 23, we have that the distance 


, and 


covered in the time ¢ equals - gé sino. Here sin a = 
2 


V1+p? 
the distance covered is A § 21, (g).] 


CHAPTER V 
SINGULAR SOLUTIONS 


29. Envelopes. — We have noticed before that (+, y, c)=0, 
where ¢ is an arbitrary constant, represents a family of curves, to 
each value of ¢ corresponding some definite curve (provided ¢ enters 
‘rationally, which we shall suppose to be the case throughout this 
chapter). So that if we pick out some curve corresponding to a 
definite value of c, we can suppose our attention directed to the 
different curves corresponding to ¢ as it varies continuously.* 

We shall be interested in the locus of the ultimate points of in- 
tersection of each curve with its consecutive one. By the ultimate 
points of intersection of a curve with its consecutive one we mean the 
limiting positions of the points of intersection of a curve with a 
neighboring one as the latter approaches coincidence with the former. 
(Thus in the case of the family of circles referred to in the footnote, 
the ultimate points of intersection of two consecutive curves are the 
extremities of the diameter perpendicular to the axis of x.) To 
find the equation of this locus, we proceed as follows: If 


(1) $ (x, y, c) =0 
is the equation of a curve corresponding to some chosen value of ¢, 
(2) $ (x, y, c+ Ac) =o 


* Thus, for example, consider the family of circles of fixed radius » whose centers 
all lie on the axis of x; their equation is (x —c)2-+y2=72, When c=0 we have 
the circle whose center is at the origin, and as ¢ increases we get circle after circle 
whose center is (c, 0). 
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will be the equation of a neighboring curve, Ac being a finite con- 
stant quantity, different from zero. ‘To find the points of intersection 
of these two curves we have to solve (1) and (2) for x and y, or we 
may replace (2) by a constant times their difference, z.e. by 


(x, y, c+ Ac) — p(x, y, c) 
(3) $$ es 


To obtain the ultimate points of intersection of the curve with its 
consecutive one we combine (1) with what (3) becomes when we let 
Ac approach the limit o, z.e. with 


: Bb (, y, 6) 
(4) E ana 


If we were to solve (1) and (4), we should actually obtain the inter- 
sections of the curve with the consecutive one. But what we want 


FIG. 1 


is the locus of these points, for all values of c. This is evidently 
gotten by eliminating c between (1) and (4). This locus is known 
as the envelope of the family (1). A property of the envelope which 
we shall have occasion to use is: Af each point of the envelope there 
is one curve of the family tangent to it. This is immediately obvious 
from the figure. Suppose (I), (II), (III) are three curves of the 
family which ultimately become coincident. a becomes an ultimate 
point of intersection of (I) and (ID), and 4 of (II) and (III). Hence 
they are both points on the envelope, and the line joining them be- 
comes ultimately a tangent to the envelope. But they are also both 
on the curve (II), so that the line joining them also becomes a 
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tangent to (II). That is to say, (II) is tangent to the envelope at 
the limiting position of @ and ¿.* 

Ex. Find the envelope of the family of circles referred to in the 
footnote, page 61. 


30. Singular Solutions. — Suppose now that 
(1) $(x, y, é)=0 
is the solution of f ( $, x, y)=0. We have already noted that, 
looked at geometrically, this means that the slope of the tangent at a 
point (x, y) of the curve of the family defined by (1) passing through 
that point is exactly the value of p given by f (2, x, y)=0 for that 
pair of values of x and y. But we have just seen that the tangent 
at any point of the envelope of the family of integral curves coin- 
cides with that of the integral curve through that point. It follows, 
then, that the equation of the envelope will satisfy the differential 
equation, and is consequently a solution. Moreover, since the en- 
velope is usually not a curve of this family, 2.e. its equation cannot 
be gotten from (1) by assigning a definite value to the parameter, 
the equation of this envelope is a solution, distinct from the general 
solution. It contains no arbitrary constant, and is not a particular 
solution. It is known as the singular soluton. 


Ex. 1. y= peti. 
P 


This being Clairaut's equation, its solution is 
I 
y=cx+-—, 
c 


or CX—(Y+1I=0. 


* This theorem ceases to hold in case the limiting position of a is a singular point 
on (IT), such as a double point or cusp. See Fig. 2, $ 33. While, as we shall see ($ 33), 
if each curve of the family has a singular point, the locus of these satisfies the geomet- 
rical as well as analytic requirements for an envelope, it is usually customary to applv 
the term envelope to that part of the locus of ultimate points of intersection of the 
curves of the family which has a curve of the family tangent to it at each point. 
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Differentiating with respect to c, we have 


Eliminating c, we get y? = 4 x, which is the singular solution. 


Ex, 2. x«f?—2yp—x=0. 


This is the equation of Ex. 2, $ 24. 


We saw there that its solu- 
tion is 


cx? —2cy—1=0. 
Differentiating with respect to c, we have 

cX — y =o. 

Eliminating c, we have the singular solution 


X +y =o. 


31. Discriminant.— If f(z) is a polynomial of the mth degree, 
CB" H eT H ea"? e H Ena H Cw 


we have by Taylor’s theorem 
Slath)=f(@) tf (0) h +22 an En H p oe 20 pp, 
where f'(a) = (A = nya" + (n= ri) aa. 


+ 2 Cn_2@ + Cap 


7 (a) =(<59) = n(n — 1) coa”? + (n — Da Es 2)c, ar 3 


+... + 2 € 1-2 


J” (a) = G 7 ! Co 
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Putting 4 = z — a, we have 


JO =f@)+F' (e-a) + LL ay +- 4 AMM —ay. 


From this it is obvious that if a is a root of f(z), i.e. if f(a)=0, 
J (2) contains z — a as a factor; and conversely, in order that f(z) 
shouldcontain the factor z — a we must have (a) =0. Similarly, if 
a is a double root, (z—ay is a factor of f (z), so that we must have 
J (a) =o and f'(a) =0; conversely, if f (a) =o and f'(a) =0, f (2) 
will contain (z — a)? as a factor, and a will be a double root.* The 
necessary and sufficient condition, then, that f(z) have a repeated 
root is that f(z) and f'(z) have a root, say a, or the corresponding 
factor z — a, in common. This condition obviously depends upon the 
coefficients of f(z). That rational, entire function of the coefficients 
whose vanishing expresses the necessary and sufficient condition that 
J (2) shall have a repeated root is called the discriminant of f(z). It 
can readily be shown to be the product of the squares of the differ- 
ences of the various roots of the equation (multiplied by a power of 
co to avoid fractions). It may be calculated in various ways: The 
process of finding the greatest common divisor will show when f(z) 
and /'(z) have a common factor z—a@. But this process is apt to 
introduce extraneous factors. A better way is to eliminate z from 
f(z) and f'(z), (or better still, from 2/(z) — 2f'(2) and /'(z) which 
are both of degree 2— 1). The result of this elimination is a relation 
among the coefficients of f(z), which expresses the condition that 
J (2) =o and f'(z) =0 can be satisfied simultaneously. If all the 
terms of this relation are brought over to one side of the equation, 
and the expression is cleared of fractions and radicals, we have evi- 
dently the discriminant equated to zero. We shall call this the 
discriminant relation. Various methods for eliminating the variable 

* In an entirely analogous manner it can be seen very readily that f(a) = o, 


f'(a)=0, f" (a) =0, +, /(r—D (a) = o, is the necessary and sufficient condition that 
a be an 7-fold root. 
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from two polynominals involving it are given in the Theory of Equa- 
tions. It will be sufficient to recall here that the discriminant of the 


A 
quadratic az +éz+¢ is er 


while that of the cubic azi + 62 + cz + d is 
Pe +18 abcd— 4a — 4Pd— 27 œd. 


In the case of ¢ (x, y, c) = 0, looked upon as an equation in c, the 
coefficients are functions of x and y. It may be possible to find 
values of x and y, such that this equation shall have equal roots. 
Geometrically, this amounts to saying that there may be points 
through which there pass a smaller number of integral curves than 
usual ; for to each value of ¢ there corresponds a distinct integral 
curve. The discriminant relation, in this case, is the locus of such 
points. 


32. Singular Solution Obtained directly from the Differential 
Equation. —Since the problem of finding the equation of the envelope 
of $ (x, y, c) =0is identical with that of finding the discriminant 
relation, we see that through each point of the envelope there pass 
a smaller number of integral curves than through points of general 
position in the plane; that is, at least two of the integral curves 
through each point of the envelope coincide. (Thus, in the case of 
the family of circles already referred to, through any point of the 
envelope, it is readily seen, only one circle passes, instead of two.) 

Since there is at least one less curve passing through a point of 
the envelope, there will be at least one less tangent to the curves 
through such a point. Hence for points along the envelope, the 
differential equation f ( p, x, 1) = o, which defines the slopes of the tan- 
gents to the integral curves through the point (x, y), will have at least 
two of its roots equal, z.e. for points along the envelope, f (P, x,y) =o 

3 S(p, y) 
0p 


and = O are simultaneously satisfied. As a consequence, 
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the result of eliminating p between these two equations will give us 
the equation of the envelope and, therefore, the singular solution, 
whenever there is one. See $ 33. 


Vote. — In the previous chapter we came across certain factors, in the course 
of solving equations, which, while they would have led to solutions, did not con- 
tain arbitrary constants, and were therefore neglected at that time. It will now 
be understood that these factors usually lead to singular solutions. Thus, in 
the case of an equation in Clairaut's form ($ 27), (1) y = px + /( £), the neg- 
lected factor is (2) x+Yf'(p)=0. But this is exactly the derivative of (1) 
with respect to p. So that if we eliminate p between (1) and (2), we get the 
singular solution. Again, in Ex. 2 ($ 25), we neglected the factor 4P+ 1 =0. 
Eliminating P between this and the original equation, we have x+4y=0, 
which is a singular solution of the equation, but not the whole singular solu- 
tion. Both the - and c-discriminant relations are x(x +47)=0. This illus- 
trates the fact that the appearance of such a factor in the course of the work im- 
plies a singular solution, but it need not always appear when a singular solution 
exists. In other words, this is not the way to look for singular solutions, 
although, in actual practice, it is advisable to examine these factors and see to 
what they lead. 


Remark. — From the fact that two roots of an equation can be 
equal only in case there are as many as two roots, no singular solu- 
tion can exist in the case of equations of the first order and degree. 
But it may, and not infrequently does, happen, that equations of a 
higher degree than the first have no singular solutions. 


Let the student, as an exercise, prove that a differential equation of the first 
order and higher degree than the first, which is decomposable into factors linear 
in P and rational in x and y, cannot have singular solutions. 

A 


It may be further remarked that at times the singular solution 
gives rise to a result that is much more interesting than that arising 
from the general solution. | 

For example, let us ask for that curve which has the property of 
having the length of its tangent intercepted by the coordinate axes a 
constant /. 
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From formule (e), $ 21, we have 


AEG) Peete 


or (y— px) Ca =/1 


Since this is in Clairaut's form ($ 27), the general solution, when 
solved for y, is seen at once to be 


cl 


=X t . 
Ve+1 


This represents a family of lines whose length intercepted by the 
axes is / The curve that we are actually interested in is obtained 
when we look for the singular solution. This is gotten by finding 
either the P- or the c-discriminant relation (the two being identical 
in the case of an equation in Clairaut's form). It is 


O b Ls xt 4 yt 08, 


v 


which is a hypocycloid of four cusps. 


Ex. 1. Find the curve for which the product of the perpendiculars 
drawn from two fixed points to any tangent is constant. 


Ex. 2. Find the curve whose tangents are all equidistant from the 
origin. 


Ex. 3.. Find the curve for which the area enclosed between the 
tangent and the coordinate axes is a’. 


Ex. 4. Find the curve such that the sum of the intercepts of the 
tangent on the coordinate axes is a constant. 
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Ex. 5. Integrate the following equations and examine for singular 


solutions : 
Ap —2(xy—2)p+=0, 
O —xpy =0*4 af, 
xp — y=0. 


A A 
33. Extraneous Loci. — We have noticed that the c-discriminant 
- relation is the equation of the locus of points through which a 
smaller number of curves pass than ordinarily. Now, if an integral 
curve has a double point, at that point there will be two branches of 
the curve. Since there are only values of ¿5 (if the differential 
equation is of the zth degree) there is only room for  — 2 other curves 
through this point. Hence this point must be on the locus of the 
c-discriminant relation. And if there are an infinity of integral 
curves having double points, or nodes as they are sometimes called, 
the locus of these points (known as the zoda? locus) will be given by 


FIG, 2 FIG. 3 


the ¢-discriminant relation. Excepting in the unusual case where 
this locus is also an envelope, its equation will not satisfy the differ- 
ential equation. The usual case is illustrated by Fig. 2, the excep- 
tional case by Fig. 3. 


An inspection of Fig. 2 will show why the equation of the nodal locus (which, 
in general, is not an envelope) should be obtained when looking for the equa- 
tion of the envelope. In this figure we have three neighboring curves, which 
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coincide in the limit. The nodal locus is indicated by the broken line. Any 
point on it, such as ç, is the limiting position of the point of intersection of the 
middle curve with either of the neighboring ones, z.e. it is the limiting position of 
a or b But while in the case of the envelope, Fig. 1, $ 29, a and 6 approach 
coincidence as consecutive points on the middle curve, in the case of Fig. 2, e 
and 6 approach coincidence in an entirely different way. Consecutive points 
are points which approach coincidence by moving along the same branch of a 
curve. In order to conclude from the theorem of § 29 that the equation of the 
envelope is a singular solution ($ 30), we must use the term zangent in the narrow 
sense of a line through two consecutive points. If we use it in the broader sense 
of a line through any two coincident points, the nodal locus may be said to be 
tangent to some curve of the family at each of its points. 


A special case of a double point is a cusp, which may be looked 
upon as the limiting case of a double point, where the loop has 
shrunk up to the point and the two branches of the curve have be- 
come tangent. The equation of the locus of the cusps of the 
integral curves, known as the cuspidal locus, found when the equa- 
tion of the envelope is sought, will be a solution only in case this 
locus is also an envelope (as in case of Fig. 4). Otherwise, it is 
not a solution (as in Fig. 5). 

In the case of a cusp, not only is the 
number of integral curves through that point 
at least one less than the usual number, that 


< 


is, not only does the c-discriminant vanish at 
this point, but two values of are equal there, 
since the tangents to 
the two branches of 
the curve coincide, 
that is, at such a 
point the p-discrim- 

FIG. 4 FIG. 5 inant also vanishes. 
Hence the equation of the cuspidal locus must also appear in the 
-discriminant relation. 
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So far, these extraneous loci, which may or may not be solutions, 
have arisen as results of peculiarities of the integral curves. Thus, 
if the integral curves are known to have no double points or cusps, 
it is clear there can be no nodal or cuspidal loci. But an extraneous 
locus may arise, irrespective of the character of the integral curves. 
Wherever two distinct integral curves are tangent to each other, 
while the number of curves through that point is unaffected, the 
number of distinct values of p is diminished. Hence the /-discrimi- 
nant vanishes at that point, and the locus of such points, if it exists, 
will be given by the p-discriminant relation. This locus is known as 
the ¢ac-/ocus, and its equation may or may not satisfy the differential 
equation. Thus in the case of the family of circles referred to in 
the footnote, page 61, the p-discriminant relation is found to be 
Y(*—)=0; here y= r is the envelope, while y=0 is the tac- 
locus. By actual trial, it is found that y=o does not satisfy the 
differential equation. 


At times, as the parameter approaches a certain value, 


Remark. 
the curves of the family approach a limiting one, usually different in 
shape from all the others. Frequently this special curve of the family 
has the property of being tangent to all the others at one point. Ex- 
cepting at this point (through which there is an infinite number of 
curves), a smaller number of curves than usual pass through every 
point of the special curve. Hence the equation of the latter is given 
by both the $- and c-discriminant relations. Moreover, it is found 
that the factor corresponding to this special solution appears once in 
the c-discriminant and three times in the P-discriminant. 


Thus, in the case of Ex. 4, § 24, the integral curves are a family of cubics 
tangent to the axis of y at the origin (see Ex. 8, $ 20). Their equation is 7? = 
2x(x—c)?, For c=, we have the curve x =0, which is tangent to every 
other one at the origin. The c- and p-discriminants are respectively xy? and 2°. 
The additional factor x2 appears because x = 0 is also a tac-locus, it being a par- 
ticular solution corresponding to the two distinct values c= 4 0, 
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Besides, in 1888, Mr. J. M. Hill* proved that the factors in the 
c-discriminant corresponding to the envelope, nodal, and cuspidal 
locus occur once, twice, and three times respectively, while those 
corresponding to the envelope, tac-locus and cuspidal locus in the 
p-discriminant occur once, twice, and once iS All this can 
be put in tabular form, as follows : 


c-discriminant p-discriminant 


envelope envelope 


particular curve particular curve 
nodal locus tac-locus 
cuspidal locus cuspidal locus 


In case any locus comes under two heads, the factor corresponding 
will occur the number of times it should for each of the heads ; thus, 
if the tac-locus is also an envelope, that factor will occur once in the 
c-discriminant and three times in the P-discriminant ; and if the 
cuspidal locus is an envelope, it will occur four times in the ¢-dis- 
criminant and twice in the f-discriminant, and so on. 

This will often prove a check on the work, although it should be 
only relied upon as a check and not as the only clew to identify the 
results of finding the discriminants. The process of finding discrimi- 
nants is frequently beset with chances to introduce or to drop a 
factor, so that, unless great care is taken, the number of times a factor 
is found to occur may not be the correct one, and inferences drawn 
from it will be false. In actual practice it is desirable to find both the 
p- and the c-discriminants, and then test their various factors, equated 
to zero, to see if they satisfy the equation. In this way, if a factor 
has beén lost in either one of the discriminants, its appearance in the 
other will keep it from being lost as a solution, while a blind use of the 
table would cause one to give a different interpretation to the result. 


* Proc. Lond. Math, Society, Vol. XIX, p. 561. 
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In certain cases there can be no doubt. Thus, if the degree of 
the equation is two or three, the use of the formulz mentioned in 
$ 31 will give all the factors occurring the correct number of times. 
Again, in case the integral curves are straight lines (as is always the 
case when the equation is in Clairaut's form), there is no need of 
looking for any of the extraneous loci. 

Again, if the integral curves are conics, there can be no nodal or 
cuspidal loci. 

Examine the following equations for singular solutions and extra- 
neous loci : 


Ex. 1. xp —(x— '=0. 


The general solution is readily seen to be 


g(y cy =4x(x— 3)’, 


which is the equation of a family of nodal cubics, each of which 
is tangent to the axis of y and has its node at the point (3, c). 

The -discriminant relation is x(x— 1)? = o, while the c-discrimi- 
nant relation is «(x — 3} = o0. | 

Here x =o is common to the two. It also satisfies the equation. 
[For the line x =0, p= oo at every point.] Hence it is the singular 
solution. | 

x — 1 =0 occurs in the f-discriminant only. Itis the tac-locus. 
[Notice that this factor occurs twice. | 

x — 3 = o occurs in the c-discriminant only. It is the nodal locus. 
[Notice that this factor occurs twice. ] 


— Ex.2. 8(14+pP*=27(x+y) (1 —pY. 


The general solution is 
(13 +0 = (x +y). 
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As it is rather awkward to substitute the coefficients in the formula 
for the discriminant given in $ 31, make the substitution 


x+y=éÉ x—y=p. 


The equation then becomes 


and the solution becomes (y +=. 


Now the /-discriminant relation is =o, and the c-discriminant 
relation is & = o. 

é= o is common to both, and satisfies the equation. Hence ¿=0, 
or x + y=0, is a singular solution. 

It is also a cuspidal locus, as may be seen by constructing some 
of the semicubical parabolas (y +0) =é. (See Fig. 4.) Note the 
number of times that these factors occur. 


Ex.3. 4# =9x. 


The general solution is 
(y+ =x’. 
Here the -discriminant relation is x =o, and the c-discriminant 
relation is x? = o. 
It is obvious that x = o does not satisfy the equation. It is a cuspi- 
dal locus. | 


— 


Je Ex. 4. Examine the following equations for singular solutions and 
extraneous loci : 
(3-439) P = 4 (1—y)- 
$ 24, EX. 3,4,5. $ 25, Ex. 5,6. § 26, Ex. 2,4. $ 27, Ex. 2, 6. 
§ 28, Ex. I, 2, 3, 5, II. 


Ex. 5. The family of circles determined by Ex. 5, $ 26, envelops 
a curve whose equation is a singular solution of the differential equa- 
tion. Find it. 
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34. Summary. — We have seen that the equation of the singular 
solution (or of the envelope) is given by both the c- and /-discrimi- 
nant relations ($$ 30, 32). Moreover, the c-discriminant relation 
gives rise to the nodal and cuspidal loci, while the p-discriminant 
relation gives rise to the cuspidal and tac-loci, while both of them, 
at times, give rise to a particular solution § 33. For the number of 
times the corresponding factors occur in each discriminant, see re- 
mark, § 33.* 


Remark, — It should be noted that, in general, a differential equation has no 


singular solution. Forf(p,x,y) =o ana =o can be solved for y and f, 


giving 
Y=¢(x), ¿L=01 (4). 


In order that this value of y be a solution we must have 


ba) = 2200, 
ax 


which is not true, in general. Darboux proved that, in general, the result of 
eliminating $ from the above two equations is the equation of the cuspidal locus. 
“Bulletin des Sciences Mathématiques, 1873, p. 158.) Picard also gives a proof 
of this in his Traité d’ Analyse, Vol. III, p. 45. See also Fine’s article in the 
American Journal of Mathematics, Vol. XII ; Chrystal, Vature, 1896; Liebmann, 
Differentialgleichungen, p. 95. This may seem at first sight contrary to what is 
to be expected from the way in which the idea of a singular solution was intro- 
duced. (It was Lagrange (1736-1813) who first noted that the equation of the 
envelope of the family of integral curves is a solution.) But it has already been 
noted that in the process of finding the equation of the envelope, extraneous loci 
may arise, and it turns out that these usually do arise to the exclusion of an 
envelope (see Picard, Vol. 111, p. 51). Moreover, all this was based on the 
assumption that the general solution of the equation has the form (1), where e 
enters rationally. While this is true in a very large class of equations, it is never- 
theless only a special case. 


* The theory as given here was first developed by Arthur Cayley (1821-95), Messen- 
ger of Mathematics, Vol. II (1872), p. 6, Vol. VI, p. 23. For illustrative examples see 
J. W. L. Glaisher, Messenger of Mathematics, Vol. XII, p. 1. 


CHAPTER VI 


TOTAL DIFFERENTIAL EQUATIONS * 


35. Total Differential Equations. A differential equation, involv- 
ing three or more variables, of the form 


(1) P(x, 9,2) dx + Q (x, y, 2) dy + R (2, y, 2) de=0 


is called a total differential equation. We shall consider the case 
when its solution can be put in the form 


| u(x, y, 2) =c. 
The differential equation arising from this is l 


(2) M io s A AP 
Ox oy Oz 
This is either the same as (1), or differs from it by a factor 
p(x, y, 2); i.e. if (1) is integrable, there must be an integrating 
factor for it. Then a function p(x, y, z) exists, such that 


du du ‘Ou 
— = — = — = R . 
Ox pl 3 oy p O, Oz p 


Hence 


0 O Op OR Op . y ou 
u- + ES p—4+ ARE, since —> = —, 

Oz O2z- dy dy dy0z  0z0y 

* For certain reasons it seems desirable to consider this class of equations before 
going to the study of differential equations of higher order than the first. If desired, 
this chapter may be taken up after Chapter IX. 


76 
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ðR ð ðP ð Oy Ou 
ERES Md Poe = 
Pp dx + Ox ä Oz T Oz a Oz0x Ox 02 
pee -på 20 E O Ou , 
raged ay E tn "Ez de 


p must satisfy these three equations, which of course cannot be 
expected of it, unless P, Q, & satisfy a certain condition or con- 
ditions. 

If we multiply these equations by P, Q, R respectively and add, 
all of the derivatives of » disappear, and we have left 


CS 


after dropping the common factor p, which is not zero, for the in- 
troduction of zero as an integrating factor gives us no information. 

This is a necessary condition among the coefficients 2, Q, & 
Moreover, we shall prove that it is the only condition requisite for 
the existence of an integral of (1), in Other words, we shall prove 
that this condition is also sufficient. 

Consider any one of the variables, say z, as a constant temporarily. 
Then equation (1) takes the form 


(4) : Pdx + Qdy=o. 


* Assuming the continuity of uP, yO, nR, and the existence and continuity of their 
derivatives. 
+ This may be written in the following symbolic determinant form : 


which is very easy to retain in mind. 
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Still considering z as constant, (4) can be integrated, but now the 
constant of integration may involve z. Let the solution be 


(5) | u (x, y, 2) =p(2). 


We shall show that if the condition (3) is satisfied, we can choose 
(z) so that (5) will be the solution of (1). For, differentiating 
(5) with respect to all the variables, we have 


(6) de + Fay t gt dé. 


Since (5) is a solution of (4) considering z as constant, we have 
(7) SY = pa, y, 8) P, ŽE = u(x, y 2) Q, 
Ox oy 


where p is, in fact, an integrating factor of (4). (See $ 5.) 


Comparing (6) with (1) multiplied by u, we have 
(8) Es 2 pR jus 276: 
Z 


This equation can be solved for $ provided ĉu — HR reduces to a 
Oz 
function of z a $, when use is made of (5), or, what is the same 


thing, provided ot pR is a cion of z and w. Looking upon 


ot uR and wz as functions of x and y only, z being treated as a 
z 


constant or parameter, the only requirement for this is the vanishing 
of their Jacobian : * 


2 
bu Ou Pras oR _R Op 
Ox Ox 0% Ox Ox 
ðu Ou OR | R Op 


dy’ dy as Py oy 


*See Note I in the Appendix. 
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Making use of (7), this may be written 


oP ð OR ð 
e Oz = Oz E iy R 


o 4224 95 _,9R_ pnl 
pQ, p de T en ay = 
ð IR IR OP 
or Me aN nk (PE oÆ 2) 


‘Assuming that (3) is satisfied, this becomes 


ðQ OP Op Ou 
R <= PE 
dá ne ay) + Cae A 


0140)  A(wP) |. 
si zil Ox oy | 


Since q is an integrating factor of (4), this vanishes. Hence equa- 
tion (8) can be solved for $; putting this in (5), we have the solution 
of our equation (1), and our theorem is proved.* 

* The necessity and sufficiency of the condition (3) can be proved much more' 


briefly as follows (but this method does not suggest a general way of solving a tota] 
differential equation when the condition is satisfied) : 


The equation Pdx+ Qdy + Rdz=0 
is equivalent to the two partial differential rap 


ðz__P 09__Q 
ðr OR’ R 


In order that these may hold simultaneously, it is necessary and sufficient that 
P Q 
a(z) _ alk) 
ay Ox 


Remembering that P, Q, R are functions of x, y, z, this equation becomes 


a(S 4 $F oe) _ Pot pe ri _ o( 24 $862) 


oy ozoy Oy 0z0Y) \dx dz0x Ox ðzðrj’ 
Since 02 =— H dz em this reduces at once to the form (3) above 
ðr R Q R l 
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36. Method of Solution.— The above proof not only establishes 
the sufficiency of the condition, it also suggests the following method 
for solving a total differential equation in three variables which satis- 
fies this condition : | 

Integrate the equation considering one of the variables * as a con- 
stant. Instead of a constant of integration, introduce an undetermined 
Junction of this variable. Redifferentiate, this time with respect to 
all the variables. Comparing this with the original differential equa- 
tion, a new differential equation will arise, involving only the undeter- 
mined function and that variable of which it is a function. From 
this the function can be determined, involving an arbitrary constant. 
And thus the complete solution ts found. 

Remark. — Since an equation which is integrable differs only by a 
factor from an exact differential equation, if we can obtain such a 
factor by inspection or otherwise, we can integrate at once. 

Apply test for integrability and integrate the following: 


Ex. 1. y dx+2dy—ydz=0. 


Y z —y 
dz dy de ID AO) 02) = -2+2 =0, 
ye oy 


While in this simple case there is very little choice in selecting the 
variable to be constant, there is, perhaps, a little advantage in let- 
ting y be so chosen. Then we have 


y dx—ydz=0, whence yx — z= p(y). 
Differentiating, yadx+x dy— dz= de, 
or F dx + xy dy — y dz = y dh. 


* We usually choose that variable a constant which will have the effect of simplify- 
ing the resulting equation in the other two variables as much as possible. 
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Comparing this with the differential equation, we have 
(ay — 2) dy =y dd, 
or o dy = y dh. 
*. P= EY. 
Hence the general solution is yx — z + cy = 0. 


By inspection, it is readily noticeable that + is an integrating 
factor. This puts the equation in the form 


dx + 1 mo, 


1) e 2 
Its solution is of course x—Í+c=o0. 
Y 


Ex. 2. zy dx — zx dy — y% dz =0. 
Ex. 3. x<dx+yady—Va—x—ydz=o. 
Ex. 4. (2 —y — edx + 2 xy dy+2x2dz=0. 


37. Homogeneous Equations. — If P, Q, and X are homogeneous 
and of the same degree, the variables may be separated just as in the 
corresponding case for two variables (§ 10). Here we transform any 
two of the variables, say x and y, by x = uz, y=vz. Then dx = z du 
+ u dz, dy = z dv + v dz, and the differential equation becomes 


z(P, du + Q, du) + (uP, + vQ, + R) d& =0,* or 
LP du+ Qido dz 

©) uP. +Q +R, 2 
where A =2(u, v, 1), A= Q(u, v, 1), Ri = R(4, v, 1). 


* IfuP, +10, + R= o, this equation reduces at once to one in the two variables 
“and 7. 


, 
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Now, if the original equation satisfies the condition for integra- 
bility, this equation will also. Moreover, it is exact* and can be 
integrated as it stands (by method of $ 8). 


Ex. 1. (99+y2)dx+(x2 + dy + (9° — xy)dz = 0. 


(Let the student apply the test for integrability.) 
Putting x= uz, y=2, dx=ud3+2 du, dy dd and the 
equation becomes 


(v? + elkr (u+ 1) do _ 


z uv! + uv pvp 


Since uv 4 u404+0+0=(0 +ou), the equation may be 
written 
duv 


S++ Bv 


2( + 1)? _, 
V+1 


whence 


or Dae) =l. 
Is 


Ex. 2. (9 +yz + dx + (a? + 200 + dy + (2 + ay + y5%dz = 0. 
Ex. 3. (£y — yr — 2) dx + (xy? — xz — a dy + (xy + x*y)dz = o, 
* Putting Pei, Gea HA Fa], 


“Pi +v ER UP UQE RA z’ 


equation (1) takes the form Pdu + Odv + Kdz=0. 
Since P and Q are free of z, and X is free of u and v, the condition for integrability 
reduces to 


Pis r hence we must have ae -52 =o, which means that Pdu + O dw is an 
2 u V , 


exact differential ($ 7), and therefore (1) is also. 
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38. Equations involving more than Three Variables. — Consider 


the equation 
(1) i Pdx+ Qdy+ R dz+ Sdt=0 


If this is integrable, it will remain so when we let any of the varia- 
bles be a constant. Letting x, y, z, ¢ be constants successively, the 
conditions are 


(2) (S-S)? ar As => 
oS AREA (ie Pee. =o, 
(4) Steed al a 22) 4 (F-E) 


o (28 + ose FR n(se- q = 


But these conditions are not all independent. If we multiply (2), 
(3), (4) by P, Q, R respectively and add, we get (5) multiplied 
by S; which shows that only the first three are independent.f 


* Perfectly generally, if the equation contains # variables, we obtain as many con- 
ditions as the number of ways in which we can pick out three variables from #; that 
is, the number of conditions is ee— Dem a), 

3! 

f In general, the number of independent conditions in the case of variables is 

as) , which is the number of times two objects can be chosen out of # — 1. 

2 

For only those conditions will be independent which involve derivatives with respect 
to some one chosen variable, since any condition not involving such can be obtained 
by combining linearly those that do, as was done in the case above. Now each of the 
conditions involves derivatives with respect to three variables. Hence the derivatives 
with respect to any one variable may appear in a condition along with those with 
respect to any two of the remaining 2—1 variables. 
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These conditions can also be shown to be sufficient. When they 
hold, the integral is found as in the case of three variables, by in- 
tegrating, considering all but two of the variables constant. Then 
the constant of integration is written as a function ¢ of those vari- 
ables temporarily considered constant. Redifferentiating with respect 
to all the variables, and comparing with the given equation, the two 
variables originally treated differently from the rest will disappear, 
and the function will enter in a new differential equation which is 
integrable and involves the remaining 2 — 2 variables and 4, that is 
n — 1 variables in all. Either this can be integrated at once, or the 
process may be repeated as often as necessary. The following ex- 
ample will illustrate. 


Ex. 2(y+2)dx + 2x¢— x)dy + y(x — 1)de + y(y +2)dt=o. 
Let y and z be constants temporarily. Integrating, we have 
xz + yt= (y, 2). 
Differentiating and comparing with the original equation, we have 
(9 + 2x)(dy + az) = (y + 2)dp. 
or $ (dy + dz) = (y +2) dp. 


We now have an equation in the three variables y, z, dp. This can 
be solved by the general method ($ 36). But an obvious integrating 


factor is Introducing this, we have 


$=c(y+2). 
Hence the general solution is 


xz + yt=c(y +2). 


I 
(+z) 


39. Equations which do not satisfy the Condition for Integrability. 
If Pdx + Q dy + Rdz =o does not satisfy the condition for integra- 
bility, it is impossible to find its general solution in the form 


P(X, y, 2) = C. 
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But as the equation is one in three variables, we should expect to 
find an indefinite number of solutions. As a matter of fact, if we 
assume any relation we please, say y(x, y, 2) =0, this will deter- 
mine any one of the variables, say z, in terms of the other two. 
Substituting for this variable in the original equation, we obtain a 
new differential equation in two variables, which can usually be 
solved. We see then that the general solution of a so-called zon- 
integrable total differential equation consists of an arbitrarily chosen 
relation among the variables and a second relation involving an 
arbitrary constant. The latter depends upon the choice of the 
former, and cannot be determined until the choice has been made. 

Remark. — Since the solution of the integrable equation is a single 
relation among the three variables, we may assume any second one 
consistent with it. So that in this case also we may say that the 
solution consists of an arbitrarily chosen relation and a second one 
involving an arbitrary constant. But here the latter is fixed by the 
differential equation, and is entirely independent of the choice of the 
former. 


Ex. ydx+xdy—(x+y+2) d=0. 


This, it is readily seen, does not satisfy the condition for integra- 
bility. If we assume x + y +z =0, our equation becomes 


ydx + x dy =0, whose solution is xy = Cc. 


x+y+2=0, 


Hence a solution is 
xy = c. 


If we assume x + y=0, our equation becomes y dx + x dy —2d2=0, 
whose solution is 2 xy — 2?=c, Hence another solution is 


x +y=0, 
la xy—2=c. 
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40. Geometrical Interpretation. — To say that the equation 
Pdx4+ Ody+Rdi=0 
satisfies the condition for integrability is to say that a family of surfaces 
p(x, y, 2) =0 


exists such that at each point (xp, yo, 2) in space there passes one* 


of these surfaces 
(x, Y, 2) = P (Xo, Vos Zo) 


and the tangent plane at any point (x, y, z) of this surface is 
P(x, y, 2 (X— x) + Q(x, y, 2 Y —y) + R(x, y, 2) (2-2) =0 


In other words, the differential equation defines the plane 
P(X —x)+ O(Y—N+*X(2%-2)=0 at each point in space. The 
problem of integration amounts to determining a family of surfaces + 
such that the surface which passes through any point is tangent to 
the plane corresponding to that point. An interesting consequence 
of this is brought out in $ 66. 

When the equation is not integrable, the assumption of a second re- 


NP ! a OU 7 ôy 7 oy 
lation, y (x, v, 2)=0, which carries with it 70% +35 ry + 5% =0, 
determines, with the original equation, a line at each point on the 


assumed surface y (x, y, 2) =0, viz. 
P(X— x) + Q(Y—y) + R(Z-2)=0, 
Wry x4 Vi y_y 4% yA E 
F(X — a) + UV) AGE a) =o. 


The problem of integration then amounts to determining a family 
of curves such that that curve which passes through any point is tan- 
gent to the line corresponding to that point. Since one of the two 
o Tt is presupposed here that $ is a rational function of x, y, z. Otherwise the state- 


ment in the text must be restricted to regions in which $ is single-valued. (See $ 70.) 
t These will be referred to as integral surfaces. 
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equations of this family of curves is the assumed relation y (x, y, 2) =0, 
the problem really amounts to finding that family of curves on any 
arbitrarily chosen surface whose tangent at any point of the surface 
lies in the plane determined by the differential equation at that point. 
Thus, in the case of Ex., $ 39, we have on the plane x+y+2z=0 
the curves cut out upon it by the family of cylinders xy=cC; 
while on the plane x+y=o we have the curves cut out by the 
hyperbolic paraboloids 2 xy — 2?= c.* 


41. Summary. — Tf the total differential equation 
Pdx+ O dy + Rdi=0 


satisfies the condition for integrability ($ 35), an integrating factor 
exists. If that can be found by inspection, introduce it, and inte- 
grate at once. 

If the integrating factor cannot be found by inspection, the gen- 
eral method of $ 36 may be employed. 

If P, O, R are homogeneous and of the same degree, the method 
of § 37 will sometimes prove simpler than the general method. 

If the condition for integrability is not satisfied, solutions may be 
found by the method of § 39. 

Total differential equations involving more than three variables 
may be treated by the method of § 38, unless an integrating factor is 
obvious by inspection. In this case introduce the factor and inte- 
grate at once. | 

Apply the test for integrability, and solve the following : 


Ex. 1. (y +2)dx + (z+ x)dy + (x +))dz=0. 
Ex. 2. (z+ 1)(x dx +ydy)— (a+ yd =0. 
E OTP +E + ad 2y dy 4 22 di=0. 

Ex. 4. (+a dx +zdy— (y+ a)dz=0. 


* All this applies to integrable equations, except that in case the arbitrarily chosen 
surface is an integral surface, every curve on it is an integral curve. 
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. (yt2dx+ay+as=0. 

. 2xdx+ d+ (2024234224 1)d2=0. 
. (2 x+y +2 xzj\dx + 2 xy dy + de— di=0, 
. zx dy — yz dx + x dz = 0. 


- x(y as 1D(6¿— 1)dx + y(2— 1) (x— Pay 


+ 2(x— 1) (y— 1)d2=0. 


. (y— ajax + 2(x+ 39 —2)dy— 2(x + 2 y)dz =0. 
. Hy+z2ditt(y+23+ Ddy + td2— (y + 2J)dt=0. 
. 2(y+3)dx + 23(1— x)dy + y(x— £)d2+ y (y + 2)dt=0. 


CHAPTER VII 


LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT 
COEFFICIENTS 


42. General Linear Differential Equation. — A /inear diferential 
equation is one which is of the first degree in the dependent variable 
and all of its derivatives. Its general type is 


34 XT + +X 12 4X, y= X, 


d” 
G) X% DAX m 


where Xo Xi Xo, -**, X,, X are functions of x or constants. If we 


write E = Dy, a A 
dx dx* 


lowing convenient form, 


= D*y, + eye Si we can write (1) in the fol- 


A 


(X, D° + X, D + X, D 4.4.4 X  D+X)y=X, 
or F(D)y = X, 


where F(D) is the polynomial X) D" + X, D"? + +--+ + X, which 
represents symbolically the differential operator 
a” aq" 
— +X Nee Nis 
Or + TEE = s e i Z4 
Two properties of linear differential equations which are of service 
in their solution deserve especial mention here : 
1° Suppose X= 0o. In this case the equation is said to be a homo- 
geneous linear differential equation, since all of its terms are of the 
first degree in y and its derivatives. (When not homogeneous, the 
89 
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equation is said to be a complete linear differential equation.) If 
y = y, satisfies the equation, so will y =c, yı, where c, is a constant. 
For, since Z* (a y) = & DP, AD) (ay) =a41F(D)n- But, by 
. hypothesis, F( D) y, = 0, hence F(D) (c, y1) = 0. ; 

Moreover, if y = y is also a solution, y = C, y, + CaYa will be a 
solution. For, since the derivative of the sum is the sum of the 
derivatives, z.e. D* (yı + ya) = D* yı + D* Ya we have 


F (Day + ey) = FD)(A yr) +E Dey) 
=A4F (Dr + oF (D)y, = 0. 


Similarly, if we know » particular integrals, y,, yo, -**, Jr, 
Y= AJ + Coys + aie ak 


will be a solution. Since the general solution of a differential equa- 
tion of the nth order is a solution which involves z independent arbi- 
trary constants, we have the property : 

A. Df yyy Ya tt, yn are n linearly independent * particular integrals 
of a homogeneous linear differential equation of the nth order, the 
Junction Cy Vy + Ya oe + Cn Yn 18 its general integral. 


If the particular integrals are not linearly independent, the solution found 
above will not be the general solution. Thus, suppose there exists the relation 
4191 + Qe Y2 + +++ + Gn Jn =O, Where all the a’s are not zero. If an is different 


from zero, Jn= — a y1— 22 Ya— =e — 4-1 Yn—1, and the integral becomes 
a ao aAn— 
(a 2) y + a ya + (cor = L) Ja- 
An An l an 


where only # — 1 independent constants are involved. 


* 2 functions yy, Ya, ***, Yn of a variable are said to be Zinearly independent if it is impos- 
sible to find z constants 44, ay, «++, a, Such that a) y, + a Ya +--+ + an Yn shall vanish for 
all values of the variables. Thus y, = 2 x — x2, yo = x + x2, yg = x are evidently not 
linearly independent, since y, + y3—3 1g =0; ¿.e. it equals zero for all values of x, or, 
as it is usually expressed, y, + ya — 3)g vanishes identically. 
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Remark. — Attention should be called to the fact that it makes no 
difference how these particular integrals are gotten. We shall see 
that in a most commonly occurring class of equations, these will be 
found by purely algebraic means; in other cases, some of them can 
be gotten by inspection. 

For convenience of language, the integral of (1), when the right- 
hand member is made zero temporarily, is spoken of as the comple- 
mentary function. 

2° If Y= 4y H covet +¢,¥, is the complementary function 
of (1), and if we know (no matter by what means) a particular in- 
tegral, U, then Y + U is the ds integral of (1). For, since the 
equation is linear, 


f(D)(¥+U) =f(D) Y +/(D)U=0+X=X. 


Hence the property : 
B. The general integral of a complete linear differential equation 
is the sum of its complementary function and any particular integral. 


43. Linear Differential Equations with Constant Coefficients.* 
Complementary Function. — Given the equation 


d” d" dry i 
(1) o + by ET O Hena Z nt Aa =X, 
or (koD" + ki D"! + kD" + eee +2, D+,)y=X, 
or HOD)y =X, 


where 4, Ry, «++, 2, are constants. 


First, suppose X = 0. Then 
(2) = D=o 


* The method given here is due to Leonhard Euler (1707-1783). For a presenta- 
tion of Cauchy's method see T. Craig, A Treatise on Linear Diferential Equations, 
Vol. I, Ch. II; or C. Hermite, “ Equations Diftérentielles Linéaires,” in Bull tin des. 
Sciences Mathématiques, 1879. 
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Putting y = e", we have, Dy = me™, «+, D'y = m'e™ ; 


~ hence, JT (D) (e™) = ef (m). 
For e™ to be an integral of (2), m must satisfy the equation 
(3) Fm) =0, 
t.e. komn?” + km + km? tee + kaan + k, = O. 


Each value of m satisfying (3) gives an integral of (2). If these 
are all distinct (say 7721, a, M3, ***, Mp), € "7, 62", «++, E™n™ will be linearly 
independent, and making use of 4,8 42, cje "74 Coes" + ee + Cne" 
will be the general integral of (2), and the complementary function 
of (1). 

Remark. — Equation (3), which is so readily obtained from equa- 
tion (2), is usually referred to as the auxiliary eguation.* 


ay 


Ex. 1. 
ax? 


dy = 
A 


The auxiliary equation is mi—3m-+2=0. Its roots are 1, 2. 
Hence the general solution is 


y= + cg”. 


ay 


Ex. 2. 
ax? 


dy 
6 =- = 0. 
+ 25y=0 


Here m? — 6 m + 25 = o, whence m = 3 + 41, Where ¿= V — 1. 


o y = (¡e 8+Wz + 660, or y = e* (aeit c"). 


Ex. 4. (D — 2 D — D+2)y=0. 


* Cauchy calls this the characteristic equation. 
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44. Roots of Auxiliary Equation Repeated. — If any roots of the 
auxiliary equation are repeated, the method of $ 43 does not give. 
us # linearly independent integrals, and consequently it does not 
give us the general solution. In this case we make the more general 
substitution y = e"(x), where p(x) is a function of x entirely at 
our disposal. Then 


Dy=e""[mp + De], 
D'y = e [mp + 2 mDp + Dg], 
Dy =e [m9 + 3m’ Db + 3mD'p4 Dg], 


Dy=e™ E + nm” Do + facet) m* Did + ... 
2! 


j E m""Drb +++ + Deh 
whence 
HD)y=e"" | (m4 +f'(m)Do+ T S"(m) D*p +- 
F =O (n) Db +o += FO(m) De | 


q" 
am 


where (mm) = < FM, f (m) == f(m). 


If m is an r-fold root of f (m) = 0, we have $ (31), 
J (m)=0, F'(m;) = 0, **>, Sm) = 0 


In this case f(D) y will vanish if y= e"* (x) provided D'$ =0, 
whence all the higher derivatives of @ are also zero; z.e. pro- 
vided $=, x"! + ex"? + «+0, 0 +C,, where C, Ca, -"*, C, are 
any constants whatever. Hence, we see that ¿f m, corresponds to an 
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r fold root of the auxiliary equation, not only is er” an integral of the 
equation, but so also are xe™*, x*e"\", +++, a 1e™:*, i.e. corresponding to 
an r-fold root we have v linearly independent integrals. So that 
whether the roots of the auxiliary equation are repeated or not, the 
n linearly independent integrals necessary for obtaining the com- 


plementary function (4, § 42) are always supplied by the auxiliary 
equation. | 


Ex. 1. (4023 D+Dy=0. 


The roots of 4 m° — 3m+1=0 are 4,4, —1. Hence the gen- 
eral solution is y = e? (cı + Cox) + cge7?. 


Ex. 2. (D'-—D'-D+y=0. 
Ex. 3. (D'4+ 2 D"-—2D-—1)y=0. 


Ex. 4. (D'-6D'+9D)y=0. 
45. Roots of the Auxiliary Equation Complex. If the coefficients 
of the differential equation are real, while some or all of the roots of 
auxiliary equation are not, we can, by a proper arrangement of the 
terms in the complementary function, have the latter involve only 
real terms. Thus, if the auxiliary equation has a root « +28, it will 
also have œ — zB as a root, since its coefficients are real. Two terms 
of the complementary function will then be | 


C1 gotea 4 Ca ¿(e iBrz i 


or ela e + eae, 


Now e*'$* = cos Bx + ¿sin Bx, and e~ = cos Bx — ¿sin Bx. 
Hence our pair of terms may be written 


e| (4, + c) cos Bx + ¿(c, — ca) sin Bx]. 
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Putting a = ==, Ca this becomes 


2 


A—iB _A+iB 
2 3 


e*(A cos Bx + B sin Bx), 


where 4 and B are the two arbitrary constants. 

Another form in which this may be written is ae” sin (Bx + 5),* 
or ae*cos(Bx+ b), where a and ġ are the arbitrary constants. 
For interpreting the solutions in physical problems, the latter forms 
are sometimes preferable. 

It is obvious, that in case a pair of such roots is repeated, the 
corresponding part of the complementary function is 


e (A, cos Bx + B, sin Bx) + xe*( A, cos Bx + B, sin Bx) 
or e*[(4,+ 42x) cos Bx + (B, + Bx) sin Bx]. 


And perfectly generally, in case such a pair occur as »-fold roots, the 
corresponding part of the complementary function is 


e* [ (A+ Age +A, cos Bx+ (B+ Bort + + Bx" )sin Bx]. 
Ex. 1. In the case of Ex. 2, $ 43, 
a=3, B = 4, so that the solution may also be written 
y=e*(Acos4x+Bsin4 x) 
or - y=a&cos(4x+). 


Ex. 2. (+2 2+41)y=o0. 
Ex. 3. (D'- D'4+ D)y=0. 


*For, A +B si b itten VA2-+ B2 (a + 
or, cos Bx sin Bx may be written + AF BA cos Bx 

B 

SSS nd ——$ 

V A2 + B2 VA? + B2 

equals unity, these may be taken as the sine and cosine of some angle, say 6. 


Putting VA24 Bi =a, our expression becomes a (sin 4 cos gx + cos 6 sin Br) or 


a sin (Bx +0). 


Á 
sin az). Since the sum of the squares of- VA + pa +2 a 
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Remark. — For the purpose of interpreting the solution of certain problems in 
Physics it is desirable at times to introduce hyperbolic functions in place of the 
exponentials in case a pair of the roots of the auxiliary equation are real and 
equal to within the sign. Proceeding as before, we make use of the formulz 
ex = cosh x + sinh x, e” * = cosh x — sinh x. 

If +m and — m are a pair of roots of the auxiliary equation, the correspond- 
ing terms of the complementary function are 


y = ope + coe 
= (cı + c2) cosh mx + (c1 —c3) sinh mx 
= A cosh mx + B sinh mx. 
Using the addition theorem for the hyperbolic functions, this may also be written 
| y = a cosh (mx + b), 
or y =asinh (mx + 6), 


where a and å are arbitrary constants. 


46. Properties of the Symbolic Operator (D — «).— 


° (D—a)y means 2 — ay. oie? ÓN B)y means o — By. 


Hence [(D—a) + (D — B)] y means 22 — (a + B)y, which may 
be written symbolically ae ee a That is, the result of 
operating on y with (D— a) and (D — B) separately and then taking 
the sum, is the same as operating on y with [2 D — (a+ 8)]. Hence 
we see that the operation resulting from taking the sum of the results 


of two operations of the type here considered can be gotten symbolically 
by taking the sum of their symbolic representatives. Thus we can write 


[(D=a) + (D— B)]=[2 D— (a + B)]. 


Evidently this rule applies to the sum of any number of such oper- 
ators, and also to the difference between any two of them. 


nie ie means ES (E) which is 


ey 
— (a+ po Ze 2 + aby. That is, the result of opemHig on y with 


$ 47 LINEAR, WITH CONSTANT COEFFICIENTS 97 


(D— a) first, and then with (D— f) on the result, is the same as 
operating on y with [D° — (a+ fB)D +08]. Hence we see that ¿he 
operation resulting from the successive performance of two operations 
of the type here considered, can be gotten symbolically by taking the 
product of their symbolic representatives. Thus we can write 


[((D—8)(D—«)]=[D'— (a + 8) D+ a8). 


Moreover, owing to the symmetry of œ and @ in the right-hand 
member, we see that ¿he order of the operators on the left is not 
essential, or, as it is usually put, zwo operations of the type here con- 
sidered dre commutative. | 

Obviously all this applies to any number of operations of the type 
here considered. 

All the results of this paragraph can be incorporated in the follow- 
ing: 

The symbolic representatives of operations of the type here consid- 
ered behave like algebraic quantities for the processes of addition, sub- 
traction, and multiplication. 

Remark.— Since any polynomial in D with constant coefficients is a 
product of linear factors, this theorem applies also to operators 
whose symbolic representatives are polynomials in D with constant 
coefficients. 

Evidently if the roots of the auxiliary equation of (1) are m,, Ma 
«++, Ma (whether these are all distinct or not), we may write (1) in 


the form 
ko( D — m) (D — mz) ++ (D — m)y = X. 


47. Particular Integral. — A perfectly general method for obtain- 
ing the particular integral of a complete linear differential equation 
with constant coefficients (and, for that matter, another method for 
obtaining the complementary function, as well) results from the fol- 
lowing considerations : 
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In the following discussion we shall suppose the equation divided 
through by žo and to simplify matters and yet bring out the method, 
we shall use an equation of the third order. Let us start, then, with 
the equation 


f(D) y= (D—m)(D—m;) (D—m)y =X. 


To find the integral of this equation is to find y, a function of x, 
such that when operated on by f(D) it will give X. 
Let (D— m,)(D — ms) y = u, where u is a new function. Then 


(D — mu = X, or Z- mu=X. 
lx 


This is a linear equation of the first order, and e~™:” is an integrat- 
ing factor ($ 13). Hence 


ety = f erzX dx +c, Or u= me fe m X dx + cena ; 


i.e. (D — m,)(D — ms) y = e"? f eortX dx + ce", 
Now let (D — m3) y =v. 
Then (D — mv = e" f eonrtX dx + ce”, 


This is also linear and of the first order, hence an integrating 
factor is e~™:*. Introducing this, we have 


ye” = ¿(Mm mz erevX dx dx + c Aa a a 4 y! 
My = My ý 


or v= "rā f. e(m,my)7 | f etx as |as +e a ercer, 


Mı — May 
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Hence (D.— ms) y =e"* f mm | f eT Xe as | dx + Nem + cle, 


c 
where ps a 


Mı — Mag * e 


This is again linear, and an integrating factor is e7”w”. Using this 
we have 


yeornt= f e l fenm | fx ds | dx ] dx 


e 
emmm) Y C Pa at n C39 
My — Mz Mo — Mg - 


or y=e"* f emma? | fenna f eT X as |æ} dx 
+ cen + cent + ee", 


This law in the case of the zth order is obvious now.* It is 


I. y = ln” f e(™n—1-™,)* f es f elm, my)z f. e-™ X (doy 
Ha + eP ES A 


Remark. — In the second line we have the complementary func- 
tion, with which we are already familiar (§ 43). (Let the student 
show that in the case of repeated roots of the auxiliary equation this 
method leads to the same result as § 44.) In the first line we have 
the particular integral, whether the roots of the auxiliary equation are 
all distinct or not. 


* To prove this, we simply need assume it for the th order, and show that it holds 
for the (z + 1)st order. This can be done at once, and will be left as an exercise 
to the student. 
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The auxiliary equation is 
m—m—2m=0. <. M=O;, — I, 2. 


The complementary function is Y= ¢, + c£” + ce™. 


The particular integral is 


Uae f ¿122 f corns f e(dxy 
=e fe A(— e-*) (dx)? = — e” f Sl ds de 


ane fet ads strep len, 
3 9 


Since e”? is already part of the complementary function, it will be 


sufficient to use 2 xe”*, thus giving the general solution, 
3 


ye bee RGAE we 
Ex. 2. (DD +3 D++2)y =”. 
Ex. 3. (D +3 D +3 D +1) = 26% — pem, 


Ex. 4. (DŒ — D — 2)y=sinx. 


e 
. 5. D— 2 = — e i ; 
Ex ( 1) y aa SÍ 
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48. Another Method of finding the Particular Integral.* — The 
general method of finding the particular integral given in § 47 is 
frequently long. At times, the first integration is readily obtained, 
but the successive ones are long and tedious, In such cases the 
following method applies : 


Starting with (D — m,)(D — my) «+» (D—m,)y = X, 


we can write symbolically 


I 


I 
— (D—m)(D—m,) +» (D— my) 
E A 
(D—m,)(D—my) + (D—™m,) 
inverse to (D — m) (D— m) --- (D—m,). Just as sin™’ x means such 
a function of x that when we operate on it with the operator sin we 
get x, so if we operate on 


where is the symbol of the operation 


(D — m)(D — mo) ++» (D— m,)* 


with (D—m,)(D—™m,) -** (D—m,), we get X. Now we have seen 
that the operator (D — m,)(D — my) -+ (D — m,) is equivalent to the 
successive performance of the operators (D—m,), (D—m)), ++, 
(D—m,,) ; and besides, the order of the latter is not essential. 
Looked upon algebraically the fraction | 
I 


(D — m)(D — mz) ++» (D—m,) 


is equal to the sum of the partial fractions 


4 as eae y SA 
Dn "DE" ¡E 


if the roots of the auxiliary equation are distinct. 


* This was first published by Lobatto, Théorie des Caractéristigues, Amsterdam, 
1837. Independently it was given by Boole, Cambridge Math. Journal, ist series: 
Vol. II, p. 114. 
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Looked upon as operators, this equality still holds ; for to verify 
the equality we operate on both with (D — m,)(D— my) --- (D — m,). 
Since the order in which we operate with these factors is immaterial, 
the result will be that all the operators resulting are polynomials, 
which can be treated as algebraic expressions. Hence the algebraic 
equality of the symbolic representatives of the two operators means 
the equality of the operators, and the original operators, in fractional 
form, are also equivalent; ¿.e. 


I 
SH XHA o 
ISDE mD m) (D m) Dom, Dom 


If we put u = —* _X, then (D — m)u=aX. 
D—m 


Integrating this linear equation, we have ue~™* =a f e" X dx, or 


u = ae™ | e-™X dx. Hence the particular integral may be put in the 


form 


Il. q,e”* f ervX dx + ag”? ~f ertXdx+ + angra | emm X dx. 


Remark r.— This method leads to a real particular integral, even in case a pair 
of the roots of the auxiliary equation are conjugate complex quantities, @ + ¿8 


and œ —2¿8. In breaking up Fo into a sum of partial fractions, we know 


ae + == E is equal to ee LE ee 
D—(&+ 78) D—(a— ip) (D-0a)?*4p? 
which & and / are real. Hence a, and az are also conjugate complex quantities, 
say A + ¿u and A— ŝip. 


that the sum in 


A+ tu : f 
Now ——-————- X= (A + iu)jela+ip)x | e-(a+1p2 X de 
D— (a + 28) PR | 


=(A + ¿1)e0z(cos Bx + ¿sin Bx) f e~% X(cos Bx — ¿sin Bx)dx, 
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A— iu 
D- (0-18) 
2 wherever it occurs, the two have the same real parts, while their imaginary 
parts are equal but of opposite signs. Hence their sum is eguali to twice the 


Since X may be gotten from the above by changing the sign of 


real part of either; ¿.e. 


Atin A— ip Š ds id 
DE D- a-m 2 ez (A cos Bx usin Bx) fe X cos Bx dx 


+ 2 e% (Asin Br+pucos Bx) fos X sin Bx dx. 


Remark 2.—1In case a root is repeated the following obvious modification 
is necessary : 

To fix the ideas we shall suppose one of the roots, »1, is a triple root. The 

Qi a2 ag 
D — my + (D-— y (D — mı)? 
the corresponding terms of the particular integral will be (I, § 47) 


corresponding partial fractions will be 


ams f mz X dx + aym? f f e-ma X (de)? + ageme f f f e-ma X (de). 


Ex. 1. (D'- 3D+2)y=4é. 
Ex. 2. (D"-3D"-D+3)y=x? 
- Ex.3, (P+ 1y=secx. 
(D—4D4+5D—2y=x. 


49. Variation of Parameters.* — Another general method of ob- 
taining the particular integral, known as the method of variation of 
parameters, at times applies very readily, especially if the order af the 
equation is not high. The method consists in considering the con- 
stants in the complementary function no longer as constants, but as 
undetermined functions of x such that when substituted in f (Dy 
we get X, and not zero, as is the case when they are constants. 


* This method is due to Joseph Louis Lagrange (1736-1813). 
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Since we have z functions at our disposal, and only one condition 
to impose upon them, it is clear that, theoretically at least, we can 
satisfy this requirement in an indefinite number of ways, by imposing 
any other 2 —1 conditions we please. In actual practice we shall 
impose these conditions in such a way as to simplify our work as 
much as possible. 

The method will be carried out in the case of an equation of the 
third order. (The argument will readily be seen to apply to any 
order.) 

Let the equation be 


(1) (ko D + ki D +k D+hs)y =X, 


and let the complementary function be 


(2)- Y= Ce + Cei + Cgc", * 


We shall try to find ¢,, ca, ¢s, such that (2) shall be a solution of 
(1). This still allows us to impose two conditions upon q, Ca, ¢3. 
Differentiating (2), we get 
Dy = meyer? + mart + mya"? + emt Dig ome Ge y emo er, 
ax ax ax 
We shall now use one of the two conditions at our disposal by 
letting 


de, dc, ae 
emt 1 emt 2 emat 238 =0: 
(3) dx + dx j dx : 
so that we have 
(4) Dy = mycye™® + mae + mg, 


*If any of the roots of the auxiliary equation are repeated or imaginary, the re- 
sulting change in the form of the complementary function causes no difference in the 
process. 
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Differentiating, we get 


Dy = mae + meee” + mece” + meret + maemo e 
ax ax 
dc, 
+ mme”? —3, 
"a 
Here again we put 
de, Wo des 
m er — m ME E e" = © 
(5) 1 dee a 2 dx 3 Fr » 


thus using the second condition still at our disposal, so that 


(6) Dy =mic + mec” + meee". 


Differentiating again, we get 
de ; 
Dy = mic er? + mcr? + mgee” + mem 2 y mena O22 
Jy 14 2 C€ 863 1 de 2 a 


+ mpera Ye 


Substituting (2), (4), (6), (7), in (1), and remembering that with 
C1, Ca Cg constant, (2) is the complementary function, we have 


de de. de. 
: 8 k 2 ,m,2 1 k 2om,z 2 k 2M 2 3 f 
(8) omn e 2 +. konge"? 2 + konge ee 


Equations (3), (5), (8) are three linear equations sufficient to de- 
gen dea Leg and by quadratures C,, ĉa c will be found such 
dx dx dx 

that (2) will be a solution of (1), the constants of integration giving 


us again the complementary function. 


termine 


The method of variation of parameters applies to all linear equations, whether 
the coefficients are constants or not. (Thus, see Ex. 4, § 53.) As an illustra- 
tion, we shall solve the general linear differential equation of the first order 
($ 13) by this method. 
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The general equation is 


dy z 
(1) Vi 


where P and Q are functions of x. Let us consider, first, 


ay 

2 Py =0, 

(2) q ty: or 
Y + Pde =o. 
J 


Integrating, we get log y + f Pax = C, or 


(3) yel Pdz ¿C=«, 


Now let ¢ be considered a function of x. We shall determine it, so that (3) 
shall satisfy (1). Differentiating, we have 


da Py )= de. 
dx dx 


Comparing this with (1), we see that we must have 


a = ose or c= 0 da + e, 
lx 


es yel a f pet” dx + c' is the solution (the result we obtained in $ 13). 


dy 
Ex. 1. = 8. 
X as sec x. (Ex. 3, § 48.) 


The roots of the auxiliary equation are + # Hence the comple- 
mentary function is 


y = & COS x + c sin x. 


de d 
Dy = — c sin x + & cos x + oe a xo. 
dx dx 
d 
D*y = — 4 cos x — c sin x — sin xT + cos g Sa. 
bs 
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Substituting in the differential equation, we have 


i de de. 
— sin x —!+ cos x = = sec x. 
x ax 


: ac : de 
Besides, we chose cos x 2 + sin x —?= 0. 
ax ax 


de E sin x 
*, —l=—sin x sec x= — j & = log cos x + C 
dx COS x 
dc 
—=1, c=x+ Cy. 
dx | 


And the complete solution is 


y= C,cosx4 Csin x + cos xlog cos x + x sin x. 


2y 
Ex. 2. —<+y= ; 
x y=tan x 


50. Method of Undetermined Coefficients. — We shall conclude the 
discussion of the problem of finding the particular integral with an 
account of a method, which, while not applicable in all cases, is 
relatively simple whenever it can be used. It applies to all cases in 
which the right-hand member contains only terms which have a 
finite number of distinct derivatives. Such terms are 2’, el”, sin mx, 
cos mx, and products of these, where 4 is any positive integer, and 
l, m, n are any constants. 

By this method we find the particular integral U by inspection, or 
by trial, as it were. 

If we take, as a first trial, the terms of the right-hand member X, 
each prefixed by an undetermined multiplier, we shall find that, as 
a rule, on substituting this in the left-hand member, /(D)y, other 
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terms arise as a result of differentiation. Consequently, we shall 
use for U the sum of all the terms of X, together with all those 
arising from them by differentiation (by hypothesis there are only 
a finite number of these), each prefixed by an undetermined mul- 
tiplier. We then equate identically to X the result of this substitu- 
tion (7.e. we equate the coefficients of corresponding terms). This 
will give as many equations of condition among the undetermined 
multipliers as there are distinct terms in/(D)U. This number is 
either equal to or less than the number of undetermined multipliers 
(for all the terms obtainable from Y by differentiation need not 
occur), and these multipliers can then be calculated. 


avy 


at SERE 


Ex. 1. 


The roots of the auxiliary equation are + 22. 


~ Y=Acos2x+Asin2 x. 


For a particular integral we take, 
C=axr+bx+e+fcosx+gsinx. 
Then, PUE 2a—fcosx — g sin x. 


“AD)U=40x*+40x4+20+4c+3/C08x + 3gsinx. 


Equating coefficients of this to those of X we have, 


I 
44=1 “ A==, 
4 
45=0 b=0, 
1 
2a+4¢=0 (==> 
1 
3f= 1 f=-, 
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Hence the general solution is 


y=Acos2x+ Bsinzx + ¿+ COS x. 
4 3° 


Ex. 2. (D'—2D+1)y= 2 xe* — sin’ x. 
The complementary function is readily seen to be 
Y= (q + Cox) e. 

To find the particular integral it will be simpler to replace — sin? x 
by +cos2x%—-+. Doing this, we put | 
— 2 2 

U=axe" +0 + ccos2x+ fsinex+g. 

“. DU=2 axe” + (a+ 20)e*+2/fc082x— 2 csin 2 x. 

DU= 4 axe*+4(a+ 6) e* —4ecos2x—4fsin2 x. 
 J(D)U= axe*+(2a+b)e* —(3¢+ 4/f) cos2x 


— (3f—4¢)sinzx+g. 
Hence we must have 


a=2 <. 2=2, 

2a+b=0 b=— 4, 
3¢+4f=—- c=-3, 
2 50 
3f=4c=0 fas; 
25 

I I 

ER SAS 

2 2 


and the general solution is 


= (4+ oA) E 42 xe%*—4e%— 3 cosex—2sin2zx—?: 
Y= (Qt Cox) + 4 50 ra 4 
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Ex. 3. (4+ 1i) y =2 4e. 
Ex. 4. (D +2 D+ 1)y= 3” — cosx. 
Ex. 5. (D'— 1)y = 


This method will be in default in either of the following two cases : 

1° If a term in the right-hand member is also a term in the com- 
plementary function, it is clear that the substitution of such a term 
or any of its derivatives for y in f(D) y will not give rise to that term. 
As a matter of fact we get zero. 

We shall first suppose that the root of the auxiliary equation, to 
which the term in question corresponds, is a simple one; if # 
is the term, this amounts to having 


J (D)u =o, but f (Dju +o, 


where f'( D) is A 


Now since f(D) is a polynomial in D, and since D*(xu) = xD*u + 
kD u it is clear that f (D)(xu) = xf (Dju 4f (Du. 

Since F (D)u, by hypothesis, is different from zero, it follows that 
if for y in f(D)y we substitute xu + terms derived from this by 
differentiation, we shall have resulting the term # + terms arising 
from it by differentiation, ‘and none other. 

Perfectly generally, if the term z is also a term in the complemen- 
tary function which corresponds to an »-fold root of the auxiliary 
equation, then 


J(D)u = o, f'(D)u =0, °°, SAD =0, but A(D)a =Æ O. 


* Letting m be the root corresponding to u, we have ($ 31) that f' (m) #toif m isa 
simple root of f (m) =o. Hence « is not an integral of the equation /'(D)y = o. 
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Since 


D* (xu) = x Du + kra Du + E SD iy — 1)? Du + 
2 

eee a aL Ca 1) (r—s+ Da D'u + 

ee HA(k— 1) (k= r +i Du, 


and since f (D) is a polynomial in D with constant coefficients, it 
follows that 


f(D) (eu) = xf (Dyu + ref (D)u += ” 2 2 f(D) u + ++ 


+ a cero ys (Dyu +f Dyu. 

All of the terms on the right are zero, except /”(D)u, which is 
definitely not zero. Hence if for y in /(D)y we substitute xu + 
terms arising from this by differentiation, we shall obtain the term 
u + terms arising from it by differentiation, and none other. 

2° The second case where the original method will be at fault is 
where terms of the type xu occur, # being a term in the comple- 
mentary function. A similar modification of the method applies 
here. Suppose that # corresponds to an »-fold root of the auxiliary 
equation. * As before, we have 


J (Deu) = 0 S (Dut (t+ rer" P(D)u 
+ Eros r— 1) atroz f(D) fo 


¢@+n¢+r—1 (42) 041 end 
A 


q + ni t+ “= 1) --- (44 1) tf D(a). 


* Of course xu, x2, +, xr—lu are also terms in the complementary function. In 
this discussion, # is supposed to be that term which does not contain v as a factor, 
otherwise the exponent ¢ would be indeterminate. 
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All of these terms on the right are zero, except F"(D)u, which is 
definitely not zero. Hence, if for y in f(D)y we substitute x'*"u + 
terms arising from it by differentiation, we shall obtain x'w + terms 
arising from it by differentiation, and none other. 

We are now in a position to formulate our rule: 

When the right-hand member of the differential equation contains 
only terms which have a finite number of distinct derivatives, take for 
particular integral the sum of all the terms together with all those ob- 
tained from these by differentiation, prefixing to each of them an un- 
determined coefficient. These coefficients are determined by substituting 
the trial particular integral in the differential equation and equating 
coefficients. In case a term in the right-hand member ts a term in the 
complementary function or a term init multiplied by an integral power 
of x, which term corresponds to an r.fold root of the auxiliary egua- 
tion, replace that term in the right-hand member by x" times tt in 
making up the trial particular integral. 

Remark. — It may not always be necessary to insert all the terms 
suggested by the general rule. These can frequently be detected by 


. ; ; l ; dy. : 
inspection. Thus in Ex. 1, since the coefficient of Se in the differ- 


ential equation is zero, the terms x and sin x in the trial particular 
integral are unnecessary, for these will obviously not appear as a re- 
sult of substituting ax? + f cos xin the equation. If any unnecessary 
terms are put in the trial particular integral, that fact will show itself 
by having their coefficients turn out to be zero. So that, excepting 
the unnecessary labor, the introduction of extraneous terms in the 
trial integral is not serious. It is also obviously useless to put in any 
terms which appear in the complementary function. (If such a 
term is included in the trial particular integral its coefficient will, of 
course, not appear in the resulting equations among the coefficients. 
This means that this coefficient may be chosen arbitrarily ; which is 
exactly as it should be.) As a consequence, when any term in the 
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right-hand member is replaced by x” times it in either of the two 
exceptional cases referred to in the rule, only those terms obtained 
from this by differentiation which are not in the complementary 
function need be added. 


Ex. 6. (B—2 P—3 D)y=3x*+sin x. 

Hint. — Since o is a simple root of the auxiliary equation, and 1 is 
therefore a term in the complementary function, we shall have to try 
ax + bx + cx to get x?. Moreover, sin x is not a part of the com- 
plementary function. Hence the trial integral is U= ax + bx? + 


vx+fsin x+g cos x. 
Ex. 7. (D'—2 D+1)y=e@+4. 
Ex. 8. (D?—2 D)y=e*+ 1. 
Ex. 9. (D +2 D?+1)y=cos x. 


51. Cauchy’s Linear ere — The linear differential equation 


(1) eZI er E I et hye kny = XK 


dx"! 


; dy. r : 
where the coefficient of a is a constant times x’, is at once reduc- 
be 


ible by the transformation x = ¢* to an equation with constant co- 
efficients. For 


dy _dydz _1 yy 


dx dzdx ade 


Fu Y de JE 
ax? ade dz)’ 


* This form of linear equation is often called the homogeneous linear equation. This 
seems rather unfortunate. I prefer to reserve this name for any linear equation which 
is homogeneous in y and its derivatives, in conformity with a large number of writers 
on the subject, and shall refer to the above linear equation (1) as the Cauchy linear 
differential equation, after Augustin Louis Cauchy (1789-1857). See his Exercises 
@ Analyse. 
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dx aldea d ` dz 
any _ _i[aty_ na) ay 
dor T an dz” 2 den”! 
d 
weet (— 1)” n— D2 |. 
or if we let Ž = Ay, we have 
xDy = J), 


x*D*y = ACA = 1), 
x’ Dy = A (A — D(A— 2) ), 


x" Dy = ¿table (dnt); 
and (1) becomes 
(2) [WAD idn HDD DIM 2) 
teeth Sth Jy=Z, 


where Z is what X becomes as a result of the transformation.* 
(2) is obviously a linear equation with constant coefficients. 
More generally, the equation 


hola + bay" Ha 4d 2 IA (a+ bx) 2 + hye Xt 


is readily seen to be reducible to a linear equation with constant co- 
efficients by the substitution a + bx =e* 


* For another general method of solving a Cauchy linear equation see footnote, $ 74. 
+ This form of the linear equation is referred to as Legendre's linear equation, after 
Adrien Marie Legendre (1752-1833). 
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3 
Ex. 1. “42 y = x log x. 


Putting x = ¢*, this becomes 
[AB 11D —2) + 2— 1] y= es, 
or (-33.+3D-1)y=xe". 


The roots of the auxiliary equation are 1, 1, 1. 
Hence the complementary function is Y= (c, + c22 + ce) e”. 
In this case method I ($ 47) gives ¿he particular integral at once. 


We have V = æ f f f ee (di= e" =. 
4 


. 4 
.*. The solution is y = (¢ + ¢23 + c7) + oe 


or y=[<, + Glog x + cs (log x)*] x + sz, 
Ex. 2. (LD + 211D%4 2) y= 10 + z) 
x 
.3. (x | A AN 
Ex ADE 3xD+1)y y 


2 
Ex. 4. (+ a+ 1)Z+6y=a. 


52. Summary.— The problem of solving a linear differential equa- 
tion consists of two parts, the finding of the complementary function, 
and the finding of a particular integral ($ 42). 

The finding of the complementary function in the case of an equa- 
tion with constant coefficients f (D) y= X is simply an algebraic 
problem, viz. the solution of the equation f (m) =o. According as 
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the roots are distinct and real, repeated or complex, the complemen- 
tary function takes one of the forms indicated in $$ 43, 44, 45. The 
problem of finding the particular integral may be attacked by any of 
the four methods given in $5 47, 48, 49, 50. 

An estimate of the relative merits of these methods may be summa- 
rized as follows: The methods of $3 47 and 48 (which will be referred 
to as I and II respectively) and that of variation of parameters (§ 49) 
have the advantage of absolute generality. But as is usually true in 
such cases, the actual carrying out of these methods is frequently 
very long and laborious. Excepting in certain cases, soon learned 
by experience, method II is simpler than I, in that it requires several 
integrations of the same kind instead of several successive integra- 
tions. The method of variation of parameters has the great advantage 
of being readily retained in mind, but is frequently long and labori- 
ous, especially if the equation is of higher order than the second. 
The method of undetermined coefficients (§ 50), although not abso- 
lutely general, applies to a very large number of cases that actually 
occur. In such cases where it does apply it has the advantage of 
involving only the operations of differentiation and the solution of 
simultaneous linear algebraic equations. Integration is not involved. 
Besides, it is very readily retained in mind. The actual work of 
carrying out this method is straightforward and not difficult. It 
may at times be Jong, but usually it is no longer than the other 
methods, if as long. 

As a rule, then, whenever the method of undetermined coefficients 
applies, it is probably the most desirable one to use. An instance 
of an exception to this is illustrated by Ex. 1, §51. [Generally we 
may say that the method I is preferable in case the right-hand 
member contains a term e” or f(x), where f(x) can be integrated 
readily any number of times, and when the auxiliary equation is 
(m—J)'=0.] If it is obvious on inspection that different methods 
apply most readily to the various terms in the right-hand member, 
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employ the method that is simplest for each term and take the 
sum of the results. This is true, for instance, in Ex. 11 below. 
The equation 


un qv d 
kola + ba)" ZZ + kila + bx TF +o thy (at ba) 7 + y=X 


(including as a special case the Cauchy equation where a =o, ¿= 1) 
is reducible to one with constant coefficients by the substitution 
a+ bx=e* (§51). 


Ex. 


Ex. 16, 


1. 


ESB 


. 13. 
. 14, 


69030... BD D 


(D —5 D+ 6y = cos x — e”. 

(Dt — 1)y = é* cosx. 

(P?+2D+1)y=2x—xe™, 

(D + 1D = xe™. 

(D-4 Dy = 38 3. 

(Dt— 2 D + 1y = cosx. 

(AD 4+6 2D 4+ 97°D? + 32D+1)y=(1 + log x)* 
(D 22+ D)yy=x'—x. 

(D + 4)y = sin’ x. 

(D + 1)y = sec’ x. 

(D — 1)8y = x — xe". 

(Di— D'— 3 D?+s D—2)y=eé”. 

(D + 1)y =< cos x. 

(PDB + 2°D?—xD+1)y= 
(D? — 1)y = xe + cos” x. 
(D — 1)*y = cosx + e ade. 


I, 
x 


Ex. 17. Study the motion of a simple pendulum of length 7 and 
mass m swinging in a vacuum. 
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The only force acting is gravity ; it acts vertically downward, and 
its intensity is — mg. If s represents the length of arc measured from 
the lowest point of the pendulum, then at any moment when the 
pendulum makes an angle O with the vertical, s = %, and the accelera- 


2 
tion is / Ti The component of the force of gravity along the tan- 


gent to the path is — mg sin 0. Hence the equation of motion is 


ml — = — mg sin 6. 


If 6 remains very small throughout the motion, we may replace sin 6 
by ô as a first approximation. Our equation then takes the form 


dO fy 
aa 


[This is the differential equation of simple harmonic motion. | 
Solving this, we have O = A cos (E f+ B), 


where A and 2 are constants depending on the initial value of O and 
de 


A determines the amplitude, while B determines the phase. 


7 
The period is N i.e. the state of motion will be identically the 
same for two values of ¢ whose difference is an integral multiple of this 
quantity. 
Ex. 18. Consider the case of a simple pendulum moving in a 
resisting medium where the resisting force is proportional to the 


i ds 
] t 9 ed R o A 
veloc y say 2 RM P7 
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Putting = 7”, the differential equation to be solved is 


dee de 
a nO = O. 
[The same equation arises in the case of damped vibrations of the 
needle of a galvanometer.] 


Ex. 19. In the case of forced vibrations, such as when a magnet 
is brought up periodically to a vibrating tuning fork, the equation of 


motion, in case there is no resisting force, is 
/ 


(a) zi +10 = C cos mt, 


(the cases when m +n” and m= n must be distinguished). 


If the resisting force is proportional to the velocity, the equation 
of motion is 
d9 


(5) TP + + n’ = C cos mt. 


Ex. 20. A particle is projected with velocity v, away from the 
center of an attractive force. If the acceleration of the particle due 
to the force is proportional to the distance, find the motion. 


Ex. 21. If in Ex. 20, the force is a repellent one, and the particle. 
is projected toward the center of force with the velocity v, find the 
motion. 


Ex. 22. Find the motion of a heavy particle moving without fric- 
tion along a massless straight line which rotates about one of its 
points in a vertical plane with constant angular velocity. The only 
force acting is gravity. 
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If r is the distance of the moving point from the point about 
which the line rotates, and if w is the angular velocity of the line, 
Lagrange's equation (generalized coórdinates) is 


7 — o'r =— g sin at 

Ex. 23. If a condenser of capacity S, charged with a quantity of 
electricity Q, is introduced into an electric circuit, it will discharge 
by sending a current through the circuit. If g is the quantity of 
electricity in the condenser at any instant during the discharge, it 
will be determined by 


da , Rdg, q _ 
de L dt +] 


where Z is the self-inductance and Æ the resistance of the circuit. 
Here the auxiliary equation is 


m += m4 =o. 


LS 
*. Mm, M a e EN: ae 
A 2L Vaz? LS 
4Z 
1? If R>+, 


g = Ac’ + Bet. 


To determine 4 and B we make use of the fact that when ¿=0, 


g = Q, and — a = 2 = 0, where 7 is the current; ¿.e. 


A+B=Q, and m,4 + m,B =0, 
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BEA: PE , and 


> 
My — m Mı — Ma 


whence A=— 


I= Q = (m,0"* — ment), 


¡e LS PAR 


dq — mm Q (mt — ems), 
di m,— Mo 


Noting the values of m, and 7, we see that g and ¿ diminish con- 
tinually, but do not become zero for a finite value of Z, although they 


are practically negligible very soon when - is a large quantity, 
which it usually is. 
2° If R= ae 


S 
E, 
g=e L(A+Bf0). 
To determine 4 and B we have, 


4=0, L4-—Bp=0 orBm*£, 
2L 


2Z 
whence q=-& (2 L+R ar, 
is QR" itt 
dt 4f 


Here again g and 7 diminish rapidly, without vanishing for a finite 
value of 4, although they are soon negligible as a rule. 


L FO? oc a KR? 
or R<iL m, m=- ETE 
MAME EAN es 
= qu +18. 
= ¢*(4 cos B¢ + B sin B£), and 
f= — 4 = —[ («A+ BB) cos Bt +(aB — BA)sin Bi]. 
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To determine 4 and B we have, 


A=0Q,a4A+BB=o0, or BE 


whence 
na 
R? L R? 


PR, I 2 . | I 
g = Qe 2L Sd UN r NES TB 
VZS 41? 


R? 
— Ae “OL ¿simi E — azi 
XE a 


27 
LS 4 Z? 


that sometimes they are positive and sometimes negative. The 


Both g and í are periodic functions of period T= 


amplitude in either case is a constant times e a which usually 
diminishes very rapidly with 4 But in specially constructed circuits ' 
in which Æ is small relative to Z, an oscillatory discharge may 
be realized.—I. C. and J. P. Jackson, Alternating Currents and 
Alternating Current Machinery. 


CHAPTER VIII 
LINEAR DIFFERENTIAL EQUATIONS OF THE SECOND ORDER* 


53. Change of Dependent Variable. — While the problem of solv- 
ing linear differential equations of the first order can always be carried 
out (that is to say, we can reduce it to one of quadratures, § 13), 
that of solving equations of the second order can be carried out in 
only a comparatively small number of cases. 

The general type of a linear equation of the second order is 


2y Ly 
a EP a =X. 


where 2, Q, X are functions of x only. 


Let us try the following change of dependent variable, 


(2) I = yw. 
dy dv , d d?y ay dy, du , a*y, 
Th — == — — 0, —— > — a ee ° 
De ae a? a l a ea a 


and equation (1) becomes 


2 
(3) II+ Z+ Qv = X, 


* In this chapter we shall consider methods which apply more especially to linear 
differential equations of the second order. Of course, the general methods of the next 
« chapter apply to linear equations of the second order as well. But owing to the gen- 
eral plan of solution of equations of higher order than the first ($ 56), it is desirable to 
have available the methods given in this chapter. 
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2 
2 a + PB + On 

where P=22 4P AQ = 21, X = 

Jı dx Jı 


Two uses may be made of this. 

1° By inspection* or other means a particular integral of the 
equation when we put X = o may be known. If we let this be y, 
we have Q, = o, so that (3) becomes 


If now we let 2 = f, we have a linear equation of the first order 
d; 
2 +Pp=X%, 


which can be solved for p ($ 13). A quadrature will then give y. 


dy ady 
E ° e soe O e = ° 


Here x is a particular integral (since P=- Ox). Putting 
y =xv, we have 


d? d > A 
e + - 8) =o, or, putting =P, 


* Thus, for example, if P=— Qx, x is evidently such a particular integral. Again, 
if 1+ P+Q = o, e7 is such, or, if 1 — P+ Ọ = o, e~ is one; or more generally, it may 
be possible to note, by inspection, a number m, such that m2 + Pm + Q = 0; in this 
case emxz is such an integral. 
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2_2z E 
An integrating factor is d (Y or ate 3. 


E _# = 
e. pre s= fate Sdx=—e 3 +4, 


g? 
or p=7= =3+ cales, 
I TR 
and v=-+ a faros de + 25 
x 
b a 2 
whence y=14 60% artes dx + Cox. 


ay _ Y a 
Ex. 2. XTA G+) ++ DS x— 1. 


Ex. 3. (142) 2 +r —2y=00 


Ex. 4. (1 +08 y= (1— ay, 


Here x and é are particular integrals, when the right-hand mem- 
ber is replaced by zero. Hence, by property A, § 42, the comple- 
mentary function is c,x + ce”. To find the particular integral which 
must be added to the complementary function, the method of varia- 
tion of parameters (§ 49) may be employed.* 

* Besides the method of variation of parameters one can sometimes use with facility 


a general form for the particular integral given by Lie in his Diferentialgleichungen, 
p. 429. This form also appears in the author's Lie Theory of One-Parameter Groups, p. 174» 
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2° If we put A =0, ¿.e. Z Ns P= O, 


Jı dx 
we have log y = — = f P dx, or 
2 
(4) n=l, 


Using this value for y,, we have 


dP 
Q, = E X = X eif Pas 
Now it may turn out that Q — = ae Z is a constant, in which 
2 


case (3) is an equation with constant coefficients ; or it may be a con- 
stant divided by x’, in which case we have a Cauchy equation, and 
the further substitution x= e* will reduce it to one with constant 
coefficients (§ 51). 


2 
Ex. 5. sing S42 coss O +5 sin x+y = é, 


dy dy 
O —= + 2 cot x = = Č CSC X. 
r TA + de +3) 
j dP 
Here Q—I 1 P'=34 csc? x — cot?x = 4. 
2ax 4 
Hence y= ve HP _ ycsc x transforms the equation to 
dy 
— C=C" 
De +4 
Integrating, vV=(,C08S 2 Xx + Cc¿Sin2x + Le, 
5 
and y= 4 (cosx cota — sin x) + e cosg + ë cse a, 


* This result can be written at once without actually carrying out the transformation. 
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dy 


Ex. 6. 
a e 


-atanz Z (a +1)y=0. 


Ex. 7. A + (4% + 1)y=0. 


2 
Ex. 8. 420 may 2 0. 


54. Change of Independent Variable. — If we introduce a new inde- 
pendent variable z, we have 


dy _dy de dy _ =Z) dy de 
dx de d dx az dx de ax 


and the equation (1) becomes 


Pa, pos 

dy de" dd, @ A 

(5) ET ae 1d?) TV 
(2) “ (a) (a) 


= + I, Ze. E = V+ Q (where 


It may happen that if we put £, 
(a) 
we choose that sign which will make the square root real), the co- 


efficient of o reduces to a constant. If such is the case, our equa- 
4 


tion (5) is linear with constant coefficients, and can be solved by the 
methods of Chapter VII. 
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Q 
al 
dx 
into a +K A +y=0, the transformation £ -= + a, where a is any con- 
z (E 

zl 


2 
stant, will give us T24 Va K Y + ay=0. In either case we have a linear 
2 2 


= + 1 is to transform the equation 


Remark. — If the result of putting 


equation with constant coefficients. But if Æ involves a square root factor, a 
may be so chosen that Va X is rational, and the actual work is thus simplified. 
For example, see Ex. 5 below. 


Ex. 1. tee Dd y em, 


dez de 
= Pa dad 
If C j ll ad a 
a ay 
ax 
Hence, introducing z = e* as the new independent variable, the equa- 
tion becomes 2 
RA ag 
ES 


Its solution is y=(01+c3)0*4+2—42+46. 


Replacing z by its value in terms of x, we have finally 
y= (e+ cana + — 4 +6. 


Ex. 2. (1 x?) 1D 4 4y=0. 


Ex. 3. O + tana + costa y =0, 
b's 
d? d I 
E . 4. : BA pW = — e 
á i Txt 3 neo x 


(í 


d’y dy -a? 
¿5 x——— (2% Z = : 
Ex se (2x? + ee 8 xy = 4 Le 


* This result can be written at once without carrying out the transformation. 
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55. Summary.— There is no general method for solving the linear 


differential equation of the second order, Z + Pi dy 2 Y Qy=X. In 
actual practice we proceed as follows : 
1°. If. by inspection, or otherwise, we know a particular integral 


y, when the right-hand member is made zero, then y= yw will 


reduce the equation to a linear one of the first order when a is con- 
; . A dx 
sidered a new variable ($ 53, 1°). 
2° If such a particular integral is not known, the next thing to do 


is to find the value of Q -12 — ip? Ifthis is a constant, or a 
2dx 4 


constant divided by x’, the equation is reducible to one with con- 
stant coefficients, or to a Cauchy equation, by substituting y = yw, 


and then it is time to calculate y, =e HP a (§ 53, 2°).* 


3° If the previous method does not apply, put Z = V ł Ọ (using 


that sign which will make the square root real); then substitute in 
d?z de 
a2 4 pe 
dx? t dx ; 
NON - If this turns out to be a constant, the method applies, 

z) > 

.. . sd 

and then itis time to find z from = Vi O ($ 54).* 


Ex. 2. (x 3) (4x 9) + (3 x 6) y O. 


A O 
Ex. 3. 754407 +(2 x*) y=0. 


* Emphasis should be laid on the fact that in the application of the test as to 
whether this method applies no integration is required. Itis only after one is assured 
the method works that a new variable need be sought. 
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Ss A E 
Ex. 4. (+1) 75 a ale 


Ex. 5. (5-04 (2—1)y=0. 
lx 


dx? 
Ex. 6. A ag ee (6+ x7) y=0. 


ax ax 

Ex. 7. (28-1) 25-6224 6ay=0. 
2 

Ex. 8. Lar) +a (14 y=é 
dy 


Ex. 9. we? ne? + (n+ + aa?) y=0 


Ex. 10. x 


CHAPTER IX- 


MISCELLANEOUS METHODS FOR SOLVING EQUATIONS OF 
` HIGHER ORDER THAN THE FIRST 


56. General Plan of Solution. — There is no general direct method 
for solving a differential equation of higher order than the first, ex- 
cepting in the case of linear equations with constant coefficients and 
those reducible to such (Chapter VII). The general plan in all 
other cases is to try to transfer the problem to that of solving an 
equation of lower order. We shall consider some classes of equations 
for which this can be done. 


57. Dependent Variable Absent. — If y is absent, the equation is 
of the form 


AED EE A is 
de? der ga da? 
dy 
If we put qe bo then 
ay _ æ ay _ap 


dit a? aah ae 


and the equation to be solved is 


a a? ap x) = 0, 


De? ga?” e3 ax’ É, 


which is of order »—1. If this can be solved for p, we have 
P= Q(x, Cy C2, °**) Ca), and y can be obtained by the quadrature 


y= | oe, Cis Ca °*°*3 Ca) dx + One 
131 
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More generally, if y and all of its derivatives up to the (+”— 1)st 
are absent, so that the equation is of the form 


d" dy dy 
ú ES 0 a ie =) a 


by letting Zo v, the equation becomes i 
dv du 
> ..., dx? 0, x) = 0, 


which is of order n— zr. If this can be solved for v, we have 
V= (x, Cs Coy ***, Car), and y can be obtained by 7 successive 


quadratures, 2.e. y = f f ... f D(H, Cry Cay 09% Co ER F Carpa T? 
F Carp H i Cwe 


If y and all of its derivatives except the highest are absent, the 
equation may be put in the form 


2 =f (x), 


and the solution is obtained directly by 2 successive quadratures. 


a" qu 
For “a = [14 + a, whence a = | [Se +4,x + ay, 


and so on, until we get 


p= fS [Pa ee pet Catt oo beg et Es 


a ayy? 
Ex. 1. (+4) dota + (2) =0. 
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Putting o = f, we have 


d; dx 
(+2) E 414 P=0, or 


Ø = 
a ne 


Z fa C. — 
*, tan} p=¢—tan x, or p= — 
I+ ex 


Integrating, we have cy = (a? + 1) log (1 + 4%) — ax +3. 


ay ay dy 
Ex. 2. 2-2) = =() L; 


Putting a = v and solving for this, we have 


ta 


This is Clairaut's form ($ 27) and has for solution 


dy 


== VO + I. 


Integrating, we get 9 = : P+aeVet+ite, 
Integrating again, y= 7 a+ z Veptitex+ell, 


Ex. 3. ay á 


Ex. 4. -5 = xe. 


x 
, Where ¢, = tan c. 
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58. Independent Variable Absent. — If x is absent, by taking y as 


dy 
the independent variable and letting F = f, be the dependent one, 


we have 
A =P S, 
Barga) 
O 


and the equation becomes one of order 2 — 1. If this can be solved 
for p, we have p= ( y, 41, Ca ***s Cas), and y can be obtained by the. 
dy 
uadrature f-———%— = X F Cw 
i f(y, Cis C2 oy Cn-1) 


Remark. — The equation = <2 = = f( y), which belongs to the class of equations 


here considered, has the o integrating factor 2 Z dx. Using it, we have 
Ix 


OEY ee /) dy. 
a aa hs 


: dy \2 
Integrating, we get E =2 f FIN dy + 413 


dy 
whence f 
ASIN +. 


It should be noted that the general method of this paragraph leads to exactly 
this method of solution. 


= x +0. 
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2 2 
Ex. 1. i) sy 6 


ax? ax ax 
dy dy ap 
P th —— == — =p, t 
a dx Ps dx? Poy mee 


The factor = o gives y =c, a particular solution. 


y a p—y =0 has the obvious integrating factor —. Using this 


dy y 
we have E =y+c. Remembering that p= 5 —, we have 
x 
E dx, 
II + ¢) 
whence log J = cx +0; 


ye 
dy, (a 
E EAR OY E EE 
i Jie A ote 
ty 
Ex. 3. 2 =ø 
dd ? qa 


59. Linear Equations with Particular Integral Known.-—- If the 
equation is linear and of any order, and a particular integral is 
known when the right-hand member is made zero, the method 1°, 
§ 53, applies.* Thus, let the equation be 


(PD + PD + +P, D+P,) y=X. 


* The hint there given as to how a particular integral may at times be found, applies 
equally well here. 
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Putting y = yw, we have Dy = Dy, + v+ »*-,* 
Dy = D*y, TE e.. 


Dry = D'y:0+ ... 
Making the substitution, we have 
+ (PIX + PD ot Py v=X. 


By hypothesis, the coefficient of y is zero. Hence, on letting a =f, 
the equation reduces to one of order 2 — 1. 


Ex. 1. [?— 22+ 2) D — LD + 2 xD-— 2]y=0. 

y= x is a particular solution. Putting y = xv, we have 
(2—2 X + 2x) Dv— (8 — 3L +6 x— 6) Dv =o. 

Letting D*v = q, this becomes 


a —304+6x-—6 _ 30x ,. 2x2 de 
Sr AAA ee 


log g = x — 3 log x + log (x? — 2 x+ 2) +4. 


ye xt — eax+e2 
g = J 2 = Cc x3 
Integrating, Te oe + ey 
ax x? 
and p= ae + CX + Cy. 
Therefore Y =E + Cg? + Cg. 


* ... stands for terms free of v, and involving its derivatives to an order as high as 
the exponent of D on the left. 
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Ex. 2. @D—-D—x*D+1)y=1- r. 


By inspection, it is seen that e”, e”, x are particular integrals, 
hence we know at once that the complementary function is 


Y= ce + Cee + cx. 


The student should verify that, by the method of variation of 
parameters (§ 49), this becomes the general solution when 


a= (e+ 2—x")+A&, 


a= (a4 2—x) + ka 


t =x + Í ++ k 
x 


Hence the solution is 


YH Rye + hee + hye + x? + 3. 


In order to get practice in the general method of this paragraph, 
let the student solve this example by that method. 


60. Exact Equation. Integrating Factor. — In case the equation ` 
is the derivative of another one, the order may be reduced by direct 
integration. No simple formula can be given as a test for exactness 
(except in the case of linear equations). But the method is simple 
and direct, and can probably be brought out best by the following 
examples : 

Consider first the linear equation, 


ax? 


2 
(1) PRA A PL Poy =X. 
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A will arise on differentiating Pt. But differentiating this, 
ae dx? 


dy 
dx? 
if (1) is exact, so is 


P'o a a (indicating differentiation by a prime). Now, 


we get A 


PO + PZ 
(2) (A El oe 


2 
(A-R) = will arise on differentiating (A, — P'o) dz. But differ- 


entiating this, we get (A, — P'o) tz + (P'";—P") A 


Hence if (2) is exact, so also is 
ond 
(3) (P, — P!, + P") AL): 


dy 


(2, —P UL +P") rs will arise on differentiating (Ay — P' + P") y. 


But differentiating this, we get 
(P, — P'; +P") DP PP), 
hence, if (3) is exact, we must have A — P', + P",— P""=0.* 


Moreover, this condition is also obviously sufficient, and we have 
that a first integral of (1) is 


A+ +P- P) Z + (P Pr + P")y= [Xaete 


* This suggests the condition for exactness of a linear equation of the ath order, 


(4) Pn — Pina + PO nee H(—1)" Pnr + + + (— į 2 P(™)0 SO. 
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This method applies also to equations that are not linear, but in 
such cases there is no simple test for exactness; one must actually 
carry out the work of finding the first integral to find out whether it 
is exact. Thus consider the equation 


dI yey ZEI TI a 
PENT ae a E 2) = Bi 


The derivative of +a) is G+) tay ay OS 


dy a? a 
Subtracting this, we h yoy (2): 
ubtracting this, we have 4 I 7 Tat? 


2 
This is the derivative of 2 a) . Hence, a first integral is 
lx 


Gta) Eta (7) =4 


Let the student show that this is also exact. 


“Remark, —Since an exact differential results from differentiating an expression 
of one lower order, it is obviously necessary that in it the highest ordered derivative 
appear to the first degree only. In other words, we can never expect an expres- 
sion, in which the highest derivative entering appears to a higher degree than the 
first, to be exact. Moreover, this must be true of all the expressions [such as (2) 
and (3) above] which arise in the course of the process. If any one of ‘these 
turns out to be of higher degree than the first, there is no need to proceed farther. 


Ex. 1. A +9 OY 


This is linear and satisfies the condition (4) for exactness. 
The divina of (++ a or is(x + 2)" a TI at 2 (x + 22 


ay 0, 


Subtracting, we get — (x + 2) ee de 
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The derivative of —(++2) Y is —(++2) Z — ©. Subtract- 


ing, we get 2 , whose integral is 2 y. Hence, a first integral is 
x 
(x + y TZ (x + 2) 2 +2y=x+0. 
Since 2 + 1+ 20, this equation is not exact. 


But putting x + 2 = e ($ 51), we have 


dy dy , 
— —2 — =A+¢ 
-o eee 
a linear equation with constant coefficients. 
The roots of the auxiliary equation are 1 +. 
Hence Y=é (A cos z+ Z sin z) is the complementary function. 
For the particular integral try U=a* +0. Substituting in the 


. o! 
equation, we must have a*+26=e+c!. Hencea=1,d=—: 


j 
And the solution is y =e* (A cos z + B sin 2) +e* + > or 


y =(x + 2) [4 cos log (x + 2) + B sin log (x+2)] +x + C. 


Remark, — It may be noted that since y is absent in the original differential 
equation, the method of $ 57 applies. The student should solre the problem 
from this point of view. 


Ex. 2. TETE +y=x. 


Ex. 3. A +a- 12 + 2 y = COS Y. 
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Ex. 4. (1 — 2 at (8x? — ya 24140 4 4y=0. 


Ex. 5. aay 602 E EZ Al 


+36 xy 2 +6y=0. 
ax 


It is at times possible to find an ¿ntegrating factor. Butno general 
treatment of this part of the subject can be given here.* In the 
cases to be considered here, special methods, or inspection, will be 
employed. -One important type of equation, arising in physical 
problems, has already been mentioned (Remark, § 58). 


Py SO Ce eee E 
Ex. 6. e ear da (21% — 1)y=0. 


This equation is not exact, since — 244 + 1 — 8x4 1 + 20L £0. 
But x” will be an integrating factor provided we can find a value 
for m such that 


— 2x3 4 —2(m+ 4) et (m +1) x” 
+ (m+ 5)(m +4) 07% = 0, 


or (m? + 7m +10) xt? 4 (m+ 2) x"=0; 


de m? + 7 m-+10=0, and m-+ 2 =0. 
Both of these will be satisfied if #2 = — 2. 


* For integrating factors in the case of linear equations, see Schlesinger, Diferen- 
tialgleichungen, p. 147, and references given there. 
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Hence x~? is an integrating factor. Using it, we have 
| “O +2 )y=0, 
2 A 
oY TI 4 3 x2 a 
ax 
A 
-1 2 y YY -2 
PARRA] AS SY 
Hence a first integral is 4 o — (x? 4x7) y =c, or 
bi 
LAR A. 
a (0714 x-*) y =ca 7, 
This is linear. An integrating factor is 
E OS e ($ 13). 
o yx N32 > = efx A 4. cl — ced** 4 C', or 
y+ ex = e's t, 
Ex. 7. æ (1 — x*) Dy — x? Dy — 2 y =0. 
Ex. 8. x? Dy — 5 x Dy + (4 4 +5) Dy — 8 xy = 0. 


dy dy AN 26% 
Ex. o. S24 f(x) 2+ Bl »(Z) Gi 


* This type of equation was first treated by Joseph Liouville (1809-1882). Let the 
student show that it is the differential equation corresponding to a primitive of the form 
F (y) = ab(x) + 6, where Fand ẹ are any functions of their respective variables, and a 
and 4 are the arbitrary constants to be eliminated. 
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) -1 
By inspection hs is seen to be an integrating factor. 
x 


Introducing this, we have 


DO armo; 
(e) ZHAO Los 


whence log En + f ST (x) dx + f p(y)dy =e, 


l 


and | f SW dy = ¢ f e SO" Zee, 


2 
Ex. 10. Dto cot x B42 tan ues = 0. 


61. Transformation of Variables.— In case the equation to be 
integrated does not come under any of the heads already treated, it 
is possible, at times, to reduce it to one of thern by a transformation. 
No general rule for this can be formulated. The form of the equa- 
tion will frequently suggest the transformation to be tried. 


3 
The set of terms Gz ) suggests the transformation y = vx. 
x 


Making this transformation, the equation becomes (after dropping the 


factor 
Ñ a OE es dv e 
da? dx on 
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This is exact, and has for first integral 


du I 9 
xvu +- v=. 
dx ij 2 
This is also exact, giving L = x + Cy 
or P= OX + co. 


[A less obvious transformation is =v. Let the student solve 
the problem by making this transformation. ] 


ax ax 
2 N2 
Ex. 3. yh a) = y logy — xy’. [Let log y =v, i.e. y=e".] 


2 
Ex. 4. sin? x Z2 — 2y=0. [Let cot x=z.] 
W 


If the more obvious transformation sin x = z is made, the resulting 
equation can be made exact by multiplying by a proper power of z, 
and can then be integrated. 


62. Summary. — The number of classes of differential equations 
of higher order than the first for which a general method of solution 
is known is very small. We can tell by inspection 

1° when the dependent variable is absent; let the lowest ordered 
derivative * that appears be a new variable (§ 57); 

2° when the independent variable is absent; let the first deriva- 
tive of the dependent variable be a new variable, and consider the 


* Provided this is not also the highest ordered derivative that appears. If such is 
the case, let the next lower ordered derivative be a new variable. 
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- dependent variable as the ii one ($ 58); in particular, if 


the equation has the form Z2 =/ (y), this method leads to the ob- 
vious integrating factor p dx ($ 58, Remark). 
x 


3° If the equation is linear, and a particular integral y, can be 
found when the right-hand member is made zero, let y = yw, and 


in the transformed equation put 2 =p ($ 59). 
a | 


4° If the equation is linear and of the second order, the methods 
of Chapter VIII may apply (§ 55). 

If none of the above cases occur, test the equation for exactness 
(§ 60). Should this not prove to be the case, some special device 
must be resorted to, such as finding an integrating factor (§ 60), or 
finding some suitable transformation (§ 61). 

As a final resort, the method of ES in series may be tried 


($ 74). 


del Ndx 
Ex. 2. (ra) aaa, 
. i 
dY, B 
Ex. 3. Gat Ge O. 
Ex. 4. (142 Ipga 18424 6y=0, 


ax? 


Ex. 5. (x — 22 24 (+ 420, 


Ex. 6. y(1— log y) 52 Z+ (1 + log y) (3) = O. 
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ay idy 
` PS 


Ex. 8. x(x+2y) i +22(2 DV 44 (e+ NZ ay to = 0. 


dy (ay 
Ex. 9. he Z) +10. 


Ex. 10. G-r) Z- 12 4 O. 


ay dy dy _ 
Ex. 11. 4x 
x 4 a POA Fo 


2 
Ex. 12. sin x © 2 — cosa Y + 2sinx-y=0, 
dx? dx 


Ex. 13. Determine the curves in which the radius of curvature is 
equal to the normal, (a) when the two have the same direction, 
(4) when they have opposite directions. 


8 


| + ) l 
The radius of curvature =—=_2=2. The normal being 


supposed drawn toward the axis of x, when it p the radius. of 


curvature are drawn in the same direction, y and Y aa have opposite 
bi 


signs ; and when drawn in opposite directions, y and E ¿ have the 


same sign. 
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Ex. 14. Determine the curves in which the radius of curvature is 
twice the normal, (a) when the two have the same direction, (0) 
when they have opposite directions. 


Ex. 15. Find the curves whose radius of curvature is & times the 
cube of the normal. 


Ex. 16. A particle which sets off from a point of the axis of x, at 
a distance a from the origin, moves uniformly in a direction parallel 
to the axis of y. It is pursued by a particle which sets off at the 
same time from the origin, and travels with a velocity which is times 
that of the former. Required the path of the latter. 

[This path is usually referred to as the curve of pursuit. Its 
differential equation may be obtained from the following considera- 
tions: Let (x, y) be the coórdinates of the pursuing point, (é, y) those 
of the point pursued. The path of the latter being known, we have 
given (1) /(€, y) =0. Since the point pursued is always in the tan- 


gent to the curve of pursuit, we have (2) y—y= A (E—x). (1) and 
(2) determine é and y in terms of x, we. If the velocities of the 


point pursued and pursuing point are as 1: 2, we have 
AE + dy? = V dx? + d a 
or taking x as the independent variable, 
dE? (dm? N ay N? 
ENI a An E sA 
Va) tN G) 


Substituting in this the values of £ and y from (1) and (2), we obtain 
the differential equation of the curve of pursuit.] 


Ex. 17. Find the velocity of the weighted end of a simple pen- 
dulum of length /, swinging in a vacuum, if at the time ¿=0,v=0 
and 0O=«, where « is not so small that sin « may be replaced by 
a as a first approximation. (See Ex. 17, $ 52.) 
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Ex. 18. A particle moves in a straight line attracted by a force 
varying inversely as the square of the distance. [Equation of motion 


is — = — = | If it starts with zero velocity at a distance @ from 


the center of the force, 

(a) find its velocity at any point in its path, 

(4) find the time required to reach that point, 

(c) how far will it have to move in order to acquire the same 
velocity with which it would arrive at the point a if it had started 
to move from infinity with zero initial velocity. 

(d) Since gravity acts according to the above law, find the velocity 
with which a body (a meteorite, for example) will strike the surface 
of the earth if it falls from a distance 4 above the surface. 

[Acceleration due to gravity at the earth’s surface is usually des- 
ignated by g. Hence Æ = gk’, if R is the radius of the earth. ] 


CHAPTER X 
SYSTEMS OF SIMULTANEOUS EQUATIONS 


63. General Method of Solution. — It is proved in the general 
theory of ordinary differential equations that a system of 2 equa- 
tions involving nr dependent variables can, in general, be solved 
($ 70). 

We shall consider here the case of n = 2, the method admitting of 
being extended to any number. Let the equations be 


(1) ALC)» (Irs 2] =0, 
(2) LL (4) mi.ps Oe ¿]=0, 


where the highest ordered derivatives of x appearing in (1) and (2) 
are respectively m and m + $, those of y are r and s, and Z is the 
independent variable. Of course fp may be zero. 

Differentiating (1) p times, we get successively 


(3) PARCI mis (y Jan t ] = 0, 
(4) SL (4) m+2 (Y )r+2> É ] = 0, 
(2+2) Fora L()m+p OW) rtp» 4] =0. 


We now have ¿+ 2 equations from which to eliminate x and all of 

its m + p derivatives. In general (unless m=o0) this will not be 

sufficient, for we must have one more equation at our disposal than 

the number of quantities to be eliminated. We proceed now to 
149 
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differentiate both (2) and (f+ 2). Since this introduces two new 
equations and only one new derivative of x, we see that, by repeating 
the process the proper number of times, the number of equations will 
exceed that of the quantities to be eliminated by unity. Performing 
the elimination, we have a single equation in y. Integrating this 
and substituting the value of y in (1), we have an equation in x 
only, which must then be solved. 


Remark. —It is almost needless to add that we may first eliminate y and its 
derivatives, and then solve for x. 

Or, we may solve for x and for y separately. In this case the constants of 
integration arising are not all independent. The relations among them can be 
found by substituting in one of the equations (1) and (2). 


64. Systems of Linear Equations with Constant Coefficients. —This 
method can be carried out very readily in case the equations are 
linear and the coefficients constants. Thus consider the example 


ax Dy y= 
= ue cos Z. 
d’x dy aa” 
Las gp ee ent 
These may be written 
(1) (D+1Dx—.Dy=c0sf, 
(2) (D? + 3D) a (DE Dd y=”. 


Differentiating (1), we have 
(3) (D + D)x— Dy = —sin £ 


We must eliminate x, Dx, D?x; this requires four equations. 
Hence we must differentiate (2) and (3). This gives rise to 


(4) | (D +3 Djx— (P+ D)y=2é”, 
(5) (D + D*)x — Dy = —cos 4 
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We have now five equations from which we can eliminate the four 
quantities x, Dx, Dix, Dix. By taking— 3 x (1), 1 x (2), 1 X (4), 
—1 X (5), and adding, we get 


(6) (D— P+ D—1) y=3€*—2 cosg, 


which is a linear equation in y only, and can be solved readily. 

Before doing so, however, we shall see how (6) can be gotten 
directly from (1) and (2). Since, when looked upon algebraically, 
(3) and (5) are respectively D and D* times (1), and (4) is D times 
(2) (temporarily supposing their right-hand members to be zero), 
the above method of elimination amounted to subtracting (D? + 3) 
times (1) from (D + 1) times (2). But this is precisely the method 
we would have pursued in eliminating x from (1) and (2) had D and 
its powers been algebraic quantities instead of operators. Now, so 
long as the equations are linear with constant coefficients, this process 
is always allowable, since it involves only the operations of addition, 
subtraction, and multiplication with the operator D. Hence we need 
only write our equations in the form of (1) and (2), solve them as 
algebraic equations, remembering, however, that D is an operator in 
case there are any terms in the right-hand members. In practice it 
is frequently convenient to use determinants. Thus solving (1) and 
(2) for y, we have 


D +1 — D |D +1 cost 
a: D 4+3 —(D+1) IE] D43 e 
(6) (D — DP +D- 1)y=3 č — 2 cos Z 


The complementary function is Y= ci + c sin ¿+ cz cos 4 


For the particular integral, try U= ae” + btsin t+ ct cos £. 
Substituting this for yin (6), we find that a = a 
5 2 2 


(7) -. y=c«é + asin Z+ c, cos e +" fsint+%1cos £ 
2 2 
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To find x we may substitute this yalue in either (1) or (2), and 
- solve the resulting equation in x.* 

Or we can treat x exactly as we did y, that is, solve (1) and (2) 
directly for x. Doing this we have 


D+1 — D cos¢ — WD D cost 
DP+3 —(D+1) | e -—(D+nD re e | 
or 
(8) (D — D+ D—1)x=2 e + sin ¢— cos £.1 

Solving this, we have 
(9) x=! e+e, sin £+ cg cos sind +2 cos É. 


But these constants are not independent of those in (7). They 
may be found by substituting (7) and (9) in either of the original 


equations and equating coefficients. Doing this, we find a =~ 4, 
2 


by! = > (6, — c) + 3, Ga! = (6, + c3) ae 
2 4 2 4 


* In general, in solving for the variable first eliminated, it is necessary to solve a 
differential equation. For example, if we put the value of y given by (7) in (1), we 
have an equation of the first order to solve; if we put it in (2), we have an equation of 
the second order to solve. The new constants of integration that arise now are not 
arbitrary, but must be determined so that the other equation is also satisfied. This is 
done by substituting in the other equation, and equating coefficients. In this particu- 
lar example it would have been simpler to have solved for x first. The value of y could 
then be gotten immediately from the equation resulting from subtracting (1) from (2). 
Let the student do this. 

+ We see by this method of solution that the differential equations in x and in y, 
each resulting from the elimination of the other variable, have the same left-hand 
members, and that the complementary functions are therefore of the same form in the 
case of the two variables. This is obviously true in the case of # dependent variables 
defined by # linear equations with constant coefficients. 
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Hence the general solution of our system of equations is 


4x=2 AF + (20—2 (+3) sint+ (2 +2 & + 1)cos £ 
++ ¿cos 4, 


y= oe’ + €, sin + € cos rele LS? (sin ¿+ cos £). 
i ¿ 2 


d 
3 +H3stay=ð, 


Ex. 1. E 
2.0 ee 
4x 3773) 3 
dy de 
Aa —_— Z 
ea wae ap ARER 
o dx ly 
— +2% —3x=0 
tg a 
TX 3æ—4y=o0 
TS ==) 
Ex. 3. pe 
ga PENISO 


65. Systems of Equations of the First Order. — If the equations 
are of the first order, we can suppose them solved for the first deriva- 
tives of each of the dependent variables. [We shall consider the 
case of two dependent variables. But the methods here brought out 
obviously apply to the case of z such variables. ] Let the system be 


de _ P(x, y, £) 


(1) dt R(x, y, i)? 
dy _ Ox, y, À 


dt R(x, y, t) 
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The general method of § 63 applies. But in certain cases the 
solution can be brought about very much more readily. It is some 
of these cases that we shall consider now. (1) can be written in the 
more symmetrical form 

ax DM, 
(2) POR 


1° One of these equations may involve only two of the variables, 
or it may be possible, by a proper choice of a pair of members of 
(2), to strike out a common factor so as to obtain an equation 
involving only two of the variables. Thus, to fix the ideas, suppose 


that Z does not appear in ee a , or can be removed from it. We 
have, on solving this, 


(3) p(x, y) =o. 


If this can be done a second time, so that a second relation of the 
form 


(4) yy, t) 2 


can be found, then the complete solution consists of the two rela- 
tions (3) and (4). 


Ex, 2-92. 
ye X xy 


From the first two members we have x?— A 

From the last two members we have y? — £? = c} 

(Using the first and last members we get 2 —«x*=c. But this is 
obviously not distinct from the other two.) 

2° If we can find only one integral expression of the above type, 
say (3), we can, by means of it, express one of the variables in terms 


of c,, and the other; thus, to fix the ideas, we can solve ( 3) for x in 


terms of ¢, and y. Substituting this value of x in $= E we have an 
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equation involving y, 4, and the constant ¢,. Solving this, we have a 
second relation 


(5) | YO, £ (1) = Cy ` 


(3) and (5) together constitute the general solution. 
At times it is desirable to replace ¢, in (5) by its value in terms of 
x and y. The solution is then 


l p(x, y) = 0y 
wy, 4, >) = Cy 


Gee 
xt yt xy. 


Ex. 2. 


Here we have ee A whence ~ = Cy 
x 


.“.x=C, y; and we have 


dy di 

2 a, dy = t dt 
EPT or (1 y ay , 
whence ay — l? = ly 


- or xy — f= by 


.*. The solution is | Y 7 47 =% 
| xy — 2 = Ca 
3° It sometimes happens that we can find multipliers A(x, y, £), 
w(x, y, £), v (x, y, ¢) such that, making use of the fact that 
dx _ dy _dt_\ds+pdy+vdt 


P Q R APH pO+ VR’ 


(a). this last member when combined with one of the others gives 
rise to an equation which can be solved ; or 
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(ò) AP+ HO + vR may equal zero, at the same time that 
Adx+pudy+vdt=o0 satisfies the condition for integrability 


($ 35) 5 or 
(c) by a choice of two sets of multipliers, 


A dx + dy ndt Mdx + pa dy + vdt 
AP + m0 + ng AP + 20 + ve 


may be solvable. 
If we can find two independent relations by any of these methods, 
each involving an arbitrary constant, we have the general solution. 


ax =2 
J 


From we have 7° —yY = 4. 


Letting A = u =1, v = 0, we have 


ote A ow whence x + y = co. 


dx __ dy _ at 


Ex. 4 = , 
cy — bt at—cx bx—ay 


Letting A= a, p = 0, v = c, we have by composition that the com- 


mon ratio is equal to NA dd la 
O 


".adx+0bdy + cdt= o, whence ax + by + ct=C,. 
Similarly, letting À = x, y = y, v = 4 we have 
x dx + y dy + tdt = o, whence x? + y+ Ë= Ca 


dx da __ at 
ar 2 xy TESI 


Ex. 5. 
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Letting A, = 1, m = 1, n = 0, and A, = 1, = — I, v = O, we have 
dx + dy_ dx— dy okence a I 
= = — (e 
Er? (y ay ay ” 
or 2y=e(x?—y’), 
; dx + dy dt 
Again z= , whence x + y = c 
a (+3? (+ y)1 á 
Ex 6 xdx_ydy_ al 
yt xt y 
Ex 7 dx _dy_ dt 
l —y x 1+8 
Ex. 8 dx M 
' yt xt x+y 
dx dy dt 
Ex. 9 = L = e 
i aye 2xy 2xf 
Ex. 10. ZÆ -Z = at 
yet t+x x+y 
ax dy dt 
Ex. 11. A 
EHHI yal (x+ y) 
dx r dt 
Ex. 12. ——— = — > = — > 
MO Panat 2 dy gP) 


66. Geometrical Interpretation. — P(x, y, 2),* Q(x, y, 2), R(x, y, 2) 
—x Y-—y_Z-3 


—> 
e 


may be looked upon as determining the line 2 


Q R 
through the point (x, y, z), which is any point in space. An integral 
curve of the system a E E will be, then, a curve such that, at 

P Q R 


* From now on we shall use the three letters x, y, z, instead of x, y, £. 
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each point of it, it is tangent to the line at that point determined by 
P, Q, R. The general solution, we have seen, consists of two rela- 
; u(x, y, z) =c 
tions, | o) 

v(x, y, Z)= Cy 
the general solution represents a doubly infinite system of curves, 


, Involving two arbitrary constants. That is, 


which are the intersections of two singly infinite systems of surfaces.* 
Thus in the case of Ex. 3, § 65, the integral curves are the intersec- 
tions of the family of cylinders x? — y? = ¢, with the family of planes 
x+y—oz=0. In $ 40 we saw that a solution of the total 
differential equation Pdx + Qay+ Rdz=0 represents a surface 
such that, at each point (x, y, 2) of it, it is tangent to the plane 
P(X —x)+ O(Y— y)+ R(Z— 2)=0, the direction cosines of whose 
normal are proportional to 4, Q, R. Hence we see that the inte- 
T ) a y i 
gral curves of dx _ Y” cut orthogonally any integral surface of 
P Q R 
Pdx+ Qdy + Rdz=0. Since we can find a family of integral sur- 
faces of Pdx + Q dy + R dz = o only when P, OQ, X satisfy the con- 
dition for integrability [$ 35, (3)], we see that only in this case will 
there exist a family of surfaces of which the family of integral curves 
d 2 A : 
pe are orthogonal trajectories. Thus, since yz dx + zx dy 
P Q R 
+ xy dz =o has xyz=c as its general solution, we see from Ex. 1, 
$ 65, that the curves of intersection of the cylinders x — y? = c, and 
y — z2 = 4^ are cut orthogonally by the family of surfaces xyz =c. 
On the other hand, since xz dx + yzdy + xydz=0 does not satisfy 
* Supposing P, Ọ, R single-valued functions of x, y, z, there passes through any 
u(x, y, 2) =4(X o, Yo, 20) 
v(x, Y, 2) =v(Yo,Yo, Zo) 
equations determine a single direction at each point in space. If P, O, R are not all 
single-valued functions, that is, if the differential equations are not both of the first 
degree, then more than one line (or direction) will correspond to a set of values of 
(x,y, z), and there will be more than one integral curve passing through a point. In 
this case, x and v will not be single-valued, that is, when the solutions are cleared of 
fractions and rationalized, the constants of integration do not enter to the first degree. 
This is analogous to what we found in the case of a single equation of the first order in 
two variables ($ 20). 


point (Xo, Yo, 24) the single curve i, since the differential 
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the condition for integrability, there is no family of surfaces which ig 

x —(¡=0 
xy —2É =, | 
(Ex. 2, § 65). The converse problem of finding the orthogonal tra- 
jectories of a family of surfaces whose equation is f(x, y, z)=c is 
always possible, at least theoretically. For this necessitates solving 
the system 


cut orthogonally by the curves whose equations are | 


de _ dy _ds 
Y Y Y 
Ox Oy Oz 


Ex. Find the orthogonal trajectories of the family of surfaces 
xy = C2. | 


67. Systems of Total Differential Equations. — If we have two 
total differential equations in three variables,* 


a) Pp 
P,dx + 0, dy + Ry dz =0, 


it can be proved (but the limits of this book will not permit our doing 
so here), that the general solution consists of two relations among the 
variables, involving two arbitrary constants. In actual practice we 
proceed as follows : 

If each of equations (1) separately satisfies the condition for inte- 
grability [$ 35, (3)], we solve each one, and thus obtain the solution 
of our system. 

If only one of the equations satisfies the condition for integrability, 
we integrate that one, obtaining a relation (x, y, 2)= ĉ Solving 
this for one of the variables, we replace this and its derivative in the 
other equation by their values, thus giving rise to an equation in two 
variables only. Its solution, together with (x, y, 2)=C,, already 
found, constitutes the solution of the system of equations. 


* The substance of this paragraph is at once applicable to the case of 2 equations in 
n + 1 variables. 
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If neither of the equations is separately integrable, it is sometimes 
desirable to put (1) in the form 


2) POTR 


where P= Q R:— OR, Q= RP RP, R= RPQ PQ. 

The methods of § 65 may now be tried. If they do not work, 
then taking one of the variables as- the independent one, say z, the 
equations may be written 


dx _ P 
de R’ 
(3) wy _ 0. 
dz R 


The general method of § 63 applies here. 


68. Differential Equations of Higher Order than the First reducible to 
Systems of Equations of the First Order. — Given a single equation with one 
dependent variable. We may suppose it solved for the highest ordered derivative; 
thus, suppose we have the equation 


d8y dy 73): 
(1) wer (+, Ye Te? dat 
If we put Í — = yı, and Zz za =I 


(1) may be replaced by the system of three equations of the first order 


dy _ 
dx =I 
d 

(2) pA = V2 


e =/(x, Y) Irs Y2). 
Xx 


As an illustration, dry + 


daa 95O 
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is equivalent to the system 


ay _ 

de A 

dyı or 2 A, 
=— J1 —J 

de J 


Using the last two terms, we have y? + y;2 = ¢,2, 


or y] = V c1? — y?, 


dy 
e. SSS dx, or sin-1% =x Te 
V2 — y? E + C2, 
whehce y = 1 sin (x + c2). 


In an entirely analogous manner, a system of » equations of any order in » 
dependent variables may be replaced by a system of equations of the first order 
by letting each of the derivatives of the dependent variables up to the next to 
the highest ordered, in the case of each variable, be a new variable. Thus, by 


letting Z = ¥1, the system of equations of $ 64 may be written 
— = Ti, 
dy E 
— —=X] + A —COSÉ, 
de i+ 9 


Gla x;—22+y +e — cosh 


? E A ee: 


xı xAL+FXA—COSÉ 11—2x+y+e% —cost I 


69. Summary. — To solve a system of z ordinary differential equa- 
tions involving z dependent variables we differentiate these equations 
a sufficient number of times to enable us to eliminate n— 1 of the 
dependent variables and all their derivatives, thus giving rise to a 
single equation involving only the remaining dependent variable. 
We integrate this, and substituting for this variable and its derivatives 
their values in terms of the independent variable in any 2— 1 of the 


162 DIFFERENTIAL EQUATIONS $ 69 


equations, we have a new system of n — 1 equations in 1 — 1 depend- 
ent variables. Repeating this, we find the value of a second variable 
and reduce the number of equations again, and so on. Or we can 
treat all of the dependent variables symmetrically by solving for each 
one separately, and then finding the relations among the constants 
of integration by substituting in some one of the original equations 
($ 63). 

While this method is frequently not practicable, it can be carried 
out very readily in case the equations are linear with constant 
coefficients ($ 64). 

If the equations are of the first order, special methods can at 
times be resorted to ($ 65). | 

A system of z total differential equations in # + 1 variables can be 
written as a system of ordinary differential equations to which the 
methods of $ 63 and $ 65 apply ($ 67). 

A single differential equation in one dependent variable of higher 
order than the first, also a system of 2 such in » dependent variables 
may be replaced by a corresponding system of differential equations 
of the first order, to which at times the special methods of $ 65 
apply ($ 68). 

It is almost needless to add that if each of a system of equations 
involves a single dependent variable, each is to be integrated 
independently of the others. Thus, see examples 1, 2, 3, 4 below. 


Ex. 1. Find the path traced out by a particle moving in a vacuum 
and acted upon by gravity only, if it is given an initial velocity a in 
a direction making an angle « with the horizontal plane. 


Ex. 2. If tne particle in Ex. 1 moves in a medium which exerts a 
resisting force proportional to the velocity, find its path. 


Ex. 3. A particle moves about a center of attraction varying 
directly as the distance ; determine its motion, if it starts to move 
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from a point on the axis of x at a distance a from the center, and 
with an initial velocity 7 making an angle «œ with the axis of x. 

[If the attracting force is A, and v is the distance of the particle 
from the the center of the force, the equations of motion are 


ax ___ pe 
at? y? 
dy — Pp. 
de r 


In this case P= #’*7.] 


Ex. 4. If the force is a repulsive one, study the motion of the 
particle in Ex. 3. 


Ex. 5. A solid of revolution with one point of its axis of symmetry 
fixed, is acted upon by gravity only. Find its angular velocity and 
the position of the instantaneous axis of rotation in the body. 

[If 4, B,C are the moments of inertia of the body with respect 
to the principal axes of the momental ellipsoid about the fixed point, 
and 5, q, r are the components of the angular velocity on those axes 
at any instant, Euler’s equations are, 


AL+(C—Agr=o, 


ag 
—4—(C—A = 


C — =0, 
since B= A.] 


Ex. 6. The component of the velocity of a particle parallel to 
each of the coordinate axes is proportional to the product of the 
other two coórdinates. Find its path, and the time of describing a 
given portion in case the curve passes through the origin. 


CHAPTER XI 
INTEGRATION IN SERIES 


70. The Existence Theorem. — The number of classes of differen- 
tial equations that can be integrated by quadratures or other purely 
elementary means is very small, compared with the number of pos- 
sible classes of equations. In the General Theory of Differential 
Equations it is proved that every ordinary differential equation with 
one dependent variable (and every system of # equations with x= de- 
pendent variables) has a solution, in general, involving a definite 
number of arbitrary constants. A proper understanding of the proof 
of this theorem implies a knowledge of the Theory of Functions, 
which is not assumed here. A demonstration of the theorem will be 
found in almost any book dealing with the subject, presupposing a 
knowledge of at least the elements of the Theory of Functions.* 


1” For an equation of the first order 2 = E (x,y),t the theorem 


of existence of an integral is : 


* Cauchy (1789-1857) was the first to prove this theorem. In fact he gave two 
proofs of it, which have become classic. For a demonstration of this theorem a stu- 
dent familiar with the elements of the Theory of Functions may consult among other 
books, Murray, Differential Equations, p. 190; Schlesinger, Differentialgleichungen, 
Chapter I; Picard, 7ra:té d’Analyse, Vol. 11, Chapter XI. More recently Picard 
(1856- ) gave another proof, which may be found in his Traité d'Analyse, Vol. II, 
p. 301, and Vol. III, p. 88, and also in the Bulletin of the New York Mathematical 
Society, Vol. 1, pp. 12-16. 


+ A differential equation of the first order f (+, y, 2) =0 may be supposed solved for 


dy : dy _ 
Ta’ so that it takes the form w F(x,y). 


164 
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Lf F(x, y) ts finite, continuous, and single-valued,* and has a finite 
partial derivative with respect to y (see Picard, Vol. II, p. 292), as 
long as x and y are restricted to certain regions, then tf x) and y, are 
a pair of values lying in these regions, we can find one integral y, and 
only one, which will take the value yy when x takes the value xy. 

In the proof of the theorem, y is found in the formof an infinite series 


Jo + lx — Xo) + cla — x9)? + e cn lx — Ap)" +o, 


which series satisfies the equation when substituted in it for y, and 
besides is convergent for values of x sufficiently near to x. By the 
change of variable «=x — x» the differential equation takes the 


dy == 
form We ae (x, y), 


and the solution takes the form 
Y HVot ly HA ly Hf vee Hoy Hf vee 


Since yy may be chosen arbitrarily (within certain limits, however), 
we see that in the case of a differential equation of the first order, 
one arbitrary constant enters. 


Remark, — The existence theorem gives a sufficient condition for an integral, 
and moreover, it gives a form in which the integral may be put. But this condi- 
tion is not always necessary. Equations for which the conditions of the theorem 
are not fulfilled may have integrals. In general, but not necessarily always, such 
integrals will then not be developable by Taylor’s theorem, or they will not be 
unique. A few simple examples will illustrate this : 

dy _y y : 

e where”. becomes indeterminate for x = 0, y = O, has the solution y = cx. 

* Single-valued is used in the broad sense here. Although F(x,y) may have 
several values for a single pair of values of x and y, it will be said to be single-valued 
when x and y are restricted to certain regions if, having selected some one of its possible 
*values for a pair of values of x and y in their respective regions, it will take a definite 
value for every pair of values of x and y in their regions. 

Thus, while F= + Vx + y has two values for every pair of values of x and y, if we 
select the value + V2 for x= 1, y = 1, F will have a definite value so long as x and y 
are restricted to regions where both are positive. 


166 DIFFERENTIAL EQUATIONS $ 70 


Here y takes the value o for x=0. It is expressed as a (finite) Taylor series, 
but it will be noted that c is undetermined when we put y =0 for x =0 ; that is, 
unlike the cases coming under the existence theorem, there is an indefinite num- 
ber of solutions satisfying the initial condition. Moreover, it should be noted 
that it is impossible to find a finite value for ¢ that will enable us to assign a 
value to y other than o for x = 0. 


dy _ x+y x+y 
x 


Again, »where becomes indeterminate for x = 0, y = o, has the 
gain, Zr x Y 


solution y = x log x + cx. Here y takes the value o for x = 0. But it is not pos- 
sible to express the integral in the form of a Taylor series in powers of x. In 
this case also we have an indefinite number of integrals for the one initial value 
O, and no integrals for any other initial value of y. 


¿DO -142% 


ee I 2 
dx y has for solution y = Ve+x+ a? 1+2x 


=oo, when r=0, 


y=0. In order that y =0 for x =0, we must have c = 0. We have then the 
single solution y = Vx + x?. This is not developable by Taylor’s theorem 
in powers of x however, although it may be developed in powers of Vx, 


2° If we have a system of # equations of the first order involving 


n dependent variables, we may suppose them solved for the deriva- 
tives of each of these variables : 

d 
Z =f, By oes w), 


E = f(x,y, Zy ***, w), 
a = fa(x, y, 3 vey w). 


The general existence theorem says, in this case, that 2f f, fa, fa 
are all regular, * as long as x, y, Z, +++, wW remain in certain regions, 
then if £o Yos Zo) ***, Wo are in these regions, a single set of functions 
y, Z, ++, w can be found to satisfy the system of equations and to take 
the values yo, Zo, °**, Wy respectively when x takes the value Xp. 


* For definition of regular see the second footnote, p. 203. 
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In the proof of the theorem these are found in the form of the 
infinite series | 


I = J + ay (x — x0) +ala—x) +. + a(x— Hp)" + 28%, 
2=2 + da dis + e xp) +... + bn (x — xo)” + eee, 


wW = Wo + Ale — a + blo — apie eee + Ra — xo)” + ..., 


which series are convergent so long as x is sufficiently close to xp. 

As before, we can make the transformation Y = x — xp, which will 
then give our series as power series in X. Here yo, Zo, «++, Wo May 
be chosen arbitrarily (within certain limits). Hence we see that a 
system of # equations of the first order with 2 dependent variables, 
has its general solution involving x= arbitrary constants. We saw 
($ 68) that an equation, with one dependent variable, of the th 
order may be replaced by a system of equations of the first order, 
hence it follows at once that zke general solution of a differential 
equation of the nth order involves n arbitrary constants. In the way 
in which the equivalent system of equations of the first order is 
found, we see that we may choose for these arbitrary constants the 
values which the dependent variable and each of its derivatives up 
to the (#-1)st take for a given value of the independent variable. 
Hence these values are, in general, at our disposal in any given 
problem. i 

Geometrically, this means : 

Of the single infinity of integral curves of a differential equation of 
the first order and degree, a single curve passes through a given point. 

Of the double infinity of integral curves of a differential equation 
of the second order and first degree, a single curve passes through a 
given point, in a given direction. 

Of the triple infinity of integral curves of a differential equation of 
the third order and first degree, a single curve passes through a given 
point, in a given direction, and having a given curvature at that point. 
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71. Singular Solutions. — In the existence theorem of the previous 
section stress should be laid upon the fact that the existence of an 
; dy ; ; ; 
integral of S = F (x, y) is assured only as long as F(x, y) is finite, 


continuous, and single-valued in the region of (xo, Yo). If, now, our 
equation is given in the form 


d 
f(x, y, y') = 0, where y' = = 


we know that, in general, y' is expressible as a finite, continuous, and 
single-valued function of x and y in the region of (xo, Jo), and takes 
a perfectly definite finite value y for x=xp y=yo. It can be 
shown * that this will be true as long as 


JACEE A I 
ðy' 
But if of 
ayo 


then the expression for y' in terms of x and y ceases to be single- 
valued in the region of (xo, yo). So that in the region of such values 
for x and y the existence theorem does not assert the existence of a 
solution. As a matter of fact, a solution does not exist there in 
general. For from 


Of ` 
IO 


we can solve for y and y', thus 
y = $(*), y'= hk); 
and only in exceptional cases will 


d(x) = 200): 


ax 


* A proof of this theorem will be found in many works on Analysis; for example see 
Liebmann, Lehrbuch der Differentialgleichungen, p. 8. 
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If it should happen that (x) = oe) , then y= p(x) is a solution 


of the equation; and since it is usually distinct from the general 
solution, it is a singular solution. Moreover, it is identical with the 
singular solution we encountered in Chapter V. 

Similarly in the case of differential equations of higher order than 
the first, singular solutions may occur. ‘Thus if there is a solution of 


Fx, y, y", +*+, 1%) =0 for which ES m also vanishes, this solution is, in 
general, a singular one.* 


More generally, a system of equations of the first order 


a d | 
h (=s, Zy 0. w>, e) =0, 


dy ad 
AC oT) =O 


(to which any system of m equations in m dependent variables is 
always reducible, § 68) may have singular solutions under certain 
conditions. See Picard, Vol. III, p. 52. 


72. Integration, in Series, of an Equation of the First Order. — 
If the equation 


(1) A = F(x,y) 

cannot be integrated by any of the known elementary methods, the 
existence theorem tells us that if Z (x, y,) is finite, continuous, and 
single-valued in the regions containing x = 0, y = ¢ (there is no loss 
in assuming x = o ; since this amounts to presupposing the substitu- 
tion + = x — x) to have been made, in case x, +0), one and only one 
solution exists which takes the value of c, for x=0. But this solu- 


* Liebmann, loc. cit. p. 113; Boole, Differential Equations, p. 229. 
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tion is given by the existence theorem in the form of an infinite 
series. In actual practice we assume 


(2) IHR 0 ly + Oye + Ox? + eee + 6,0" + e.. 


and substitute this in the differential equation (1). Then equating 
coefficients, we may calculate as many of the c's in (2) as we please. 
The existence theorem vouches for the convergence of the series (2). 
Three cases may arise : 

1° No general law of the coefficients in (2) shows itself; in this 
case we can only approximate the solution in actual practice. * 

2° A general law of the coefficients in (2) appears ; then we can 
write down the general term of the series, which is equivalent to say- 
ing that the whole series is known. 

3° All the terms after a certain one may turn out to be zero; in 


this case we have the solution in finite form. 


Remark. — Cases 2° and 3° seldom occur except when the equation can be 
solved directly. So that this method of integrating equations of the first order is. 
not of great practical importance for the mere purpose of integrating. But for 
theoretical purposes it is of the greatest importance. It may be noted that while 
every linear equation of the first order can be solved by quadratures, it is not 
always possible to perform these in terms of simple functions. In such cases this 
method, or that of § 74, will apply at times. 


Ex. 1. =x-+y, 
x x+ y 


Here x+ y? is finite, continuous, and single-valued for all values of 
x and y. 


Put y= a + axt cg? eo, et bee, 


* While the general existence theorem tells us that the series so obtained is con- 
vergent, as long as we restrict ourselves to proper values of the variables, the conver- 
gence may be slow for certain values so that the degree of approximation, even after 
having calculated a fairly large number of coefficients, may not be great. This will 


usually be true for values of the variables near any for which F(x, y) ceases to be 
finite, continuous, or single-valued. 
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Substituting, we must have 


E EN SS RT E pe Bet lat act) 


Equating coefficients, we have 


— r2 . iz 2 

2 (3= 2 Cp, +1 ° tad 3 
2 = 2 Co] de > +o, 
coe 2 . 4 

3 (3=2 Oe tc “== +, 

3 

= a fa: 2 5 
4% 2 Cog + 2 Cll oe C4 12° + (7, 


2 k Cop = 2 Coly-1 + 2 CC 2 + a Ch—1C ko 


(2 RAL) Cong = 2 Co0 + 2 lwi H 00 + 2 Cp 1 Cap $s 


Here each coefficient can be calculated in terms of the preceding 
ones, and consequently in terms of the single one cœ» We can cal- 
culate as many as we please, but no general law shows itself. Our 
solution | 


y=0 +04? telat 6 cot eset a 


extended as far as we care to calculate the cocmerent i is only an 
approximation of the solution, 


YD ey 


Ex. 2. dx 1 — x 


Here - 2 2 ÍS finite, continuous, and single-valued in the region 


of (0, cp), where cy is any value of y. 
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Put y=otaxctoce?+--+e¢,x"+4+---, and substitute in the 
equation, after having cleared of fractions. We must have 


(1 — 2?) (Gy + 2 Coe + 3 Oy? fete, I+) = 
2(C aa + cake + oy x” + ++), 


Equating coefficients, 


26g =2 = 4 lo “. Cg = 2 Cp. 
3 (37 OH 2 OQ = 4 Cp, Pn C3 = 2 Cy 


The general law seems to be ¢, = 2 £ We shall prove this to be 
the case by showing that if it holds for c, it holds for ¢,,,. For, 


(n + 1)Cns1— (0 — 1)Cp-1 = 2 Cy. 
Now AEB 
oe (A+ engi = 2(0 — 10 + 4 o = 2(2 + 1) 


or Cn41 = 2 Co» 


Hence the solution, in the form of an infinite series, is 
IJ=O1+ 24204204 244 ++»), 


[ This equation can be integrated by the methods of Chapter IL 
Let the student do tnis, and compare -.the result with the one here 
obtained. ] 


d ; : 
When the equation += F (x, y) is such that the various deriva- 


tives of / can be readily calculated numerically for special values of 
x and y, the following method is sometimes found practicable : 

We have seen that the solution given by the general existence 
theorem has the form 


Y= ot i (AX) + ex — AY Hoes Hoy (E — A)" H +... 
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Using the general form of the Taylor development of a function, 
we see that when 


d d” 
Co = Vos JN cee oat (Bh ery 


we obtain that solution which takes the value y, for x =p. 


From the differential equation, we have 


a 
A= (2 F (Xo Yo): 


Differentiating the differential equation we have 


Ey OF , OF 2) 
dx? dx. Oy dx’ 


_1f[dy\_ 1/9 1/09 
whence a (B a a es i 


Differentiating again, we find cz in terms of c, and cz, And so on. 
The student will find on applying this method to the examples 
above that it works very readily in the case of Ex. 1. 


73. Riccati’s Equation. — The equation studied by Count Riccati 
(1676-1754), and to which his name has been given, is of the form 


ay a 
T TO 5 0 : 


where 4, c, m are constants.* The equation in Ex. 1, $ 72 is of this 
type. For certain special values of 4, c, m this equation can be inte- 


* Frequently the equation x 2 — ay + py? = yx" is taken as the type of a Riccati 


equation. This is obviously reducible to the other by the transformation z= x%, y = uz. 
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grated in finite terms. (See Ex. 4, $ 18 ; also Forsyth, p. 170; Boole, 
Chapter VI; Johnson, Chapter IX.) But in general, the only way 
to get the solutions is to integrate in series. 

Riccati equations frequently arise, and it is often desirable to make 
use of the properties of their solutions without actually knowing the 
latter. On the other hand, it is sometimes possible to find the gen- 
eral solution by quadratures or by merely algebraic processes, when 
certain information is at hand. The following properties will at 
times prove of value: 

We shall consider a more general form, which is now usually con- 
sidered as the type of a Riccati equation, 


SS 


= Xo + Xy + Xy, 


where X,, Xi, X. are functions of x or constants. 


1° Ifa particular üa y, is known, the substitution y = e + y, 


transforms the equation to Z4 + (A, + 2 y, Xg)2 = — Xa, which is linear, 


and can therefore be solved by two quadratures (§ 13). Hence 
we have, if a particular integral y, is known, the transformation 


y=} + y, gives rise to a linear equation in z which can be solved by 
z 


two quadratures. 

2° Since the form of the solution of a linear equation of the first 
order is z= y(x) + Cè(x), that is, the constant of integration enters 
linearly, we have that | 


J= a +9; (1) = + y, (x) 


ya) + C8) 


= “(x) + CRC), 
y(x) + Có(x) 
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Hence, the constant of integration enters bilinearly in the general 
solution of the Riccatt equaton. 


3° The equation y= a 


may be looked upon as a bilinear 


transformation of C into y, which latter is a particular solution aş soon 
as a value of C is fixed. Corresponding to any four values of C, 
say Cis Ci, Cs, Cy we have Yi, vo, Ys, ¥4 Since double ratios are left 
unaltered by bilinear transformations, we have 


Í Yi Y2 Ys Ya = | C Co Cs, Ca} = a constant. 


Hence, Y Y,, Ya, V3) Ya are any four particular integrals, the function 


AI) MY) is equal to a constant for all values of x. 
(4 —JY1) (2 — Is) 
4° As a direct consequence of 3° it follows that if we know three 


particular integrals Yı, Yo, Yz, the general solution ts given at once by 


V AR Y-Is_ Da) Is., 
Y— A Ya -y 


whence y= Hmn. t.e. y 1s given by purely alge- 


braic means. 7? M7 c(Ya— Ys) 


5° If y, and yare two known particular integrals, put g= A 
| Y — Ya 
and take the derivative of the logarithm of both sides. This gives 


PS A 


2dx y—yldx dx yY—J2\dx ax 
Since Da Xot Xy + Xy", 


o = H+ Xy + NH’, 


O Xo + Xi Ya + Xis 
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1 az 


whence g = Cel *ui-%) 4, 
t.e. Fei = CAS XAyi-yH 42, 
Y —J2 


from which y can be gotten at once. Hence, ¿f two particular inte- 

grals y and y, are known, the transformation z = PE leads to an 
72 

equation in which the variables are separated, so that it can be solved 

by a single quadrature. 

Properties 1°, 4°, 5° call attention to the close analogy of the Ric- 
cati equation to linear differential equations; for the knowledge of 
each additional particular integral brings us nearer to the general 
solution. Thus, ¿he knowledge of a single particular integral enables 
us to reduce the problem of solving a Riccat equation to one of solv- 
ing a linear equation of the first order, that is to one involving two 
quadratures; the knowledge of two particular integrals enables us to 
jind the general solution by performing a single quadrature; while a 
knowledge of three particular integrals gives us the general solution by 
avery simple algebraic process. 

6° As a matter of fact, ¿he substitution 


transforms the Riccati equation into the homogeneous linear equation 
of the second order 


d'z 
de? 
ax. 


XA AX) + XX, =o, 


where X*, = 
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' [Let the student show that, conversely, the substitution y=" 
transforms a homogeneous linear equation of the second order into a 
Riccati equation. ] 


74. Integration, in Series, of Equations of Higher Order than the 
First. — If the equation when solved for the highest ordered deriva- 


tive * 
TY dy dy 
pr (5) ax Ta) 
is such that the successive derivatives of / can be readily calculated 
numerically for special values of 
dy dy 
X, y, a dx? 


a method analogous to that given at the end of $72 may be em- 
ployed. 

The solution given by the general existence theorem being in the 
form 


YHOO alx — Xo) A cx — xo)” + i + Ca (x — Xo)" + ang 


we know from the general form of the Taylor development of a func- 
tion that 


IN _ 1 dy _ 1 fay 
TN as ama) as al). 


Now the general solution involves three arbitrary constants, and 
we saw ($ 70, at the end) that a particular solution will be determined 
dy d*y 
as soon as we fix the values of y, —, —= 

ee Y Te dè 
Jos Yo» Yo - 


for x = 2%); let us call them 


* To fix the ideas we shall illustrate with an equation of the third order, although 
this method, when practicable, applies to equations of any order. 
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From the differential equation we have at once 
1 /d*y I 
C3 = 3! ES) = T (Xos Yor Yo's Yo"). 


. . . . de e 
Differentiating the equation we can calculate E in terms of 
0 


dx 
dy\ (CN (Py 
Xos Yo» EA ( = ES) , 


so that we can find ¢, in terms of c» ĉi, Ca, €, And so on. 

When this method dues not work readily, we may employ the first 
method of $ 72 as there given. But again, only in comparatively few 
cases will this turn out to be practicable. “The following modification 
of this method has been found of special service in the case of linear 
differential equations in which the coefficients are polynomials in x, 
and such that when we substitute x” for y in the left-hand member, 
there results only a small number of distinct powers of x (preferably, 
not more than two). In the case of a Cauchy equation (§ 51) there 
results a single power of x, and the equation can be solved by purely 
algebraic means.* 

If we take the equation 

ay 


a 


the result of putting y = x” in the left-hand member is 
m (m —1) am? gut, 


* Thus, putting y = x™ in the left hand member of (1), $ s1, we get 

[Ay (m — 1) +++ (m—n2+1) +2, m (m— 1)» (m—n +2) fo + hn-1 mt + kn)". 

Equating the coefficient of xm to zero and solving for m, we get in general z distinct 
particular solutions and therefore the complementary function. It is readily seen to be 
the same as that found in $ 51. The cases of equal and complex values of m can be 
_ treated entirely analogously to those for linear equations with constant coefficients. 

In some respects, the Cauchy equation is simpler than the corresponding linear 
equation with constant coefficients. But for actually obtaining its solution, especially 
when there is a righ:-hand member, it is usually simpler to transform it to a linear 

equation with constant coefficients, as was done in $ 51. 
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Here there are two distinct powers of x which differ by 3, and 
m —2 is the smaller exponent. Hence, if we let 


Y E CAUCA eat A ooo H Cy o eee 


we shall have a solution if 


1° m is so chosen that m(m— 1) =0, i.e. m=0 Or 1, 


2° the c's are so chosen that the rest of the terms cancel each 
other in pairs, 2.e. we must have 


(rn +3) (m+ 2) —C“) =0, 
(m +6) (m+ 5)c—4 =0, 


(m+33) (m>+33r—1)c,—C,,=0, 


I 
= ——__________—-¢,_}. 
(m+3r) (m+3r—1) "> 


eos Cr 


: I I 
For m =0, we have c4 = — 4 =—% 
3°2 3! 
I I +4 
a= A =—7 w 
6-5 61 
a=ta =} € 
s= -zh = 09 
9:8 ! 
I 1-4: 7-10 
12 + 11 12! 


180 DIFFERENTIAL EQUATIONS $ 74 


s co + Tal Spt : 4. ¡A 


9 


is an integral. Let us call it Ay,, where 4, like c» is an arbitrary 
constant. 


I 2 
For m=1 we have ¢, = ——C =— 
4:3 : 
I 2° 
6é=— (1 = 2°54, 
7:6 7! 
I 2-5 
l; = Ca Coy 
10°9 Io! 


E A 


(1+37)! 


F co tity ebay a E E a. =) 


7! (1+37)! 


is also an integral. Let us call it By,, where B is an arbitrary con- 
stant. y, and y, are obviously linearly independent. Moreover, 
they are convergent by the general existence theorem. Hence, 
y= Ay, + By: is the general solution, since it contains two arbitrary 
constants. 

If the right-hand member of the equation had not been zero, we 
would have proceeded to find the particular integral by a similar 
method. Thus, suppose the equation had been 

ay yo a: 


dx? 
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Since the result of putting y = cyx” in the left-hand member is 


com (m — 1)? — oat), 


E ant oe tom 4... will be a particular integral, pro- 
i vided com (m — 1)x™-* = 2 x°, and the other terms that arise destroy 


each other in pairs. 
The first of these will be true if 


m—2 = — 3, e. M=— I, 


and qm(m—1)= 2, 6 Ge L 


The other terms will destroy each other in pairs if 


I I 
4 =— % “= — 
2-1 2! 
ASA os oy = 2 
5°4 51 
etal _ 3:6 
aa Ca e. lg = T 
PNE. A AP E E 9 
(3r—1)(3 7—2) (37—1)! 


Hence a particular integral is 


tg By Bb II grag .., 
2! 5! (3gr— 1)! 


The above example suggests a general method,* in case the result 
of substituting y = x™ in the left-hand member of the equation gives 


* As mentioned in the Remark, $ 72, this method applies to linear equations of the 
first order as well as to those of higher orders. 
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rise to only two* distinct powers of x, say f(m)jxA + 9(m)ax**, 
where / is a positive integer. 

By the manner in which f(m) and q (7) arise, it is obvious that 
one of them at least must be of degree » in m. 

I. To find the complementary function we proceed as follows: 

(a) Suppose f (m) is of degree 2 in m, so that f(m) = o has z roots, 
My, Mo, Ms, +++ Ma, all distinct, or some repeated. 

Letting y= qx" + axt! + oe team +... we have, on substi- 
tuting in the left-hand member of the differential equation, 


Caf (mM) x* + cop (m) x 
+ af(m+ lx + cip (m + iatt 
+ lof (m+ 20) x" + cpm + 21) 
Haaf (m+ [rr] DO e, (m4 [+ Dat 
+ of (m+ rl) 2" + cep (m + rl) torn 
oe og we & we hm we wa g . 


This will be zero provided 
1° f(m) =0, i.e. mMm = Mi, Mo, as Mas 


= I, 2, 3, »"", © } 
, 
mM = My, Mo, **>, Mn 


2° of (m+rl)+¢,16(m +[r—1]2) =0, for e 


eee eer), 
J(m+vrl) 


=(—1) (m +[7— 117) d(m +[—2]/7) -- ¿mi Dem, l 
fmt rDJ(int{r—] DS (m+2 Dant ° 


Cr-1 


* An analogous method can be deduced in the case of a larger number, but this will 
not be done here. 
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To each value of m corresponds, then, in general, a particular 
integral.* If any ¢ vanishes, all that follow do so, and that integral 
appears in finite form. 

If two values of m are equal, of course, the same particular integral 
will correspond to these. Moreover, if two of the m’s differ by an 
integral multiple of 4 say m,= m, +g then corresponding to the 
smaller value »m,, the coefficient c, will be infinite [since f(m) 
= f(m +g) =0], unless the numerator is also zero. Hence the 
method here given gives us only as many particular solutions ‘in 
general, as there are distinct roots of f(m) = o, whose differences 
are not multiples of /. The remaining solutions must then be sought 
by a modification of our process. t 

If f (m) is of lower degree than 2, while the above method may 
lead to infinite series which will satisfy the equation, the general 
theory gives us no assurance that they are convergent. So that, 
unless the solutions come out in finite form, it is best to make use 
of the fact that if f(m) is not of the degree 2, p(m) is. 

(6) If p(m) is of degree n in m, p(m) =0 will be satisfied by x 
values of m, say m'i; M'o +++ M'n . 

Letting y = cox" + 60 + cg 4 oe +o + ..., we have 
on substituting in the left-hand member of the equation, 


oom! am 
+c olmi) eaf (miae 
+c p(n — 2l- 4 caf (m — 2) 


# It should be noted that corresponding to any m which is not a positive integer, we 
have a solution which is not a power series, but +” multiplied by a power series. 

Although the general existence theorem no longer applies here, because the coeff- 
cients in the equation, when the leading coefficient is made unity, cease to be finite 
for x =o, the general theory of linear equations assures us of the convergence of 
the series for certain values of x. (Schlesinger, Diferentialgleichungen, $ 24.) 

+ In this case the particular solutions, which the general method fails to give, 
usually involve logarithmic terms. Thus see Ex. 2, 
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+ com pon — [r— 1] Dad H ca (m— [r— 1] 94-05: 
+e, plm — DAM + ce, f (m — rl) 
+ . . ° e ° e o e 


This will be zero if 


p(n) = 0, ie. M= My, My s M'n 


m—l|r—1l/ r=I, 2 ..., 00 
2° dl C_y+1 for l : ede A } 
M =M i, Mg, e My 


y Ln r-1]10f(m—|[r-—210) -f(m — Fm) , 
(m — ri)p(m— [r—1]/) + aaa =D 


To each value of m corresponds, in general, a particular integral 
of the form "(a +c xt tcea” ee HOLM oe), 

Here x” is multiplied by a power series going according to nega- 
tive ascending powers of x. The latter reduces at once to an 


ordinary power series in Z if we put ¿= 2. Of course, if any of the 
x 


roots of d(m) =o are repeated, or differ by a multiple of 4 the num- 
ber of integrals obtained by this method will be less than ». 

It should be noted that the integrals found by methods (a) and 
(6) in case both f(m) and (m) are of the mth degree, are not 
distinct. In general (but not necessarily), they are different in 
form, but only # of the functions defined by them can be linearly 
independent.* 


*An infinite series defines a function for those values of the variable only for 
which the series is convergent. The series found by methods (a) and (4), being 
developments in the region of the origin and of œ respectively, may not, and fre- 
quently do not, converge for the same values of x.. Hence if the series are infinite, it 
is usually impossible to compare them. But if the functions represented by each set 
can be “ continued” into the region of the other, then a linear relation will be found 
to exist among any z + 1 of them. 
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II. To find the particular integral in case the right hand member 
is a power of x, say Ax”, we proceed as follows : 

If f(m) is of degree z, we must have, using the results found in 
connection with method (æ) above: _ 

1° =s. Since 4 is a linear function of m, this will determine a 
single value of m, say m, 

2° cof (m,) = Á. 

3° The remaining coefficients are determined as in (æ) except 
that now m, is used for m. 

This method will be in default when /(,) = 0. 

Or using the results found in connection with method (4) *, we get 
the solution by putting : 

1° 4+/=s. This will determine a value m,' of m. 

2° com, = A. 

3° The remaining coefficients are determined as in (4) except 
that now m,' is used for m. 

If d(r,') =o at the same time that /(m,)= o, the particular inte- 
gral will not be of the form here sought. Other means will have to 
be used to find it. 

For a perfectly general method for finding the particular integral 
see Schlesinger, $ 54. 


2 
Ex, 1. (+) 2-34 2y=x-+ 3x4 


Substituting x” for y in the left-hand member, we have 
mim — yx" — [m(m — 1) — 2]x”. 


* Whether $(m) is of degree z or not. The objection to using method. (a) or (5) 
in case f(m) or $(m) is not of degree z is, that if the solution comes out in the form 
of an infinite series, the latter need not be convergent. If the solution appears in 
finite form, the method applies perfectly well; if not, the convergence of the series 
must be looked into. In the case of the example worked out above, if the right-hand 
member had been x, method (a) would have given the particular integral in the form 
of an infinite series, which turns out to be y, — 1. On the other hand, method (è) 
gives — 1 for the particular integral at once, 
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“.d=1, 
I (m) = m(m— 4), 
$(m) = — (m+ 1)(m — 2). 


Since f (mm) is of degree 2, we shall use method (a). 
Then m= o or 4, 


aid aa POT IE SA), 


For m= o we have i= 2 
o q=*=34 


Bar a +ix+ at), or A(3 + 2x + x°) is an integral. Let us call 
3 3 
it Ay, | 


For m= 4 we have pr ak 
A 
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n Og(at +207 +3 4°4---+nx"t8+---) is an integral. Let us 
call it By». 

Therefore Ay, + By, is the complementary function. 

Since ¢(m) is of the’second degree, we can also use method (6). 

Then m= 2 or—1, 


and _ £(m—[r—1)), m—r—-3. 


Car+ = —r-+l1- 
$(m— r) m—r—2 
For m= 2 we have 
— 1 
é1>= Co = 2 Co, 
— 1 
— 2 
C3 = C1 = 300 
—2 
C3 = 3 €_2= 4 €, 


“lara 3407 4 ga 4 + na" + +...) is an integral. 
Let us call it 4'y,. 


For m= — 1 we have 
pie o y A 
=E=3 4 
‘2 = —i—4, = Oey 
—=2—3 4 
m 4 


E (Asa bares ote kaye ” + ...) is an integral. 


Let us call it B’y,'. 
Hence 4'y,' + B'y,' is the complementary function. 
Here it turns out that y,' — ya' =). 
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$74 
To find a particular integral, we consider each term of the right- 
hand member separately. 


For the term x we have, putting 


comim— 4) x =x, 
I 
m= 2 and = —-. 
4 
r—t 
For m= 2 C= Cri 
r—2 


.”. ¢; = 0, and all that follow are zero. 
Hence —~ x is a particular integral corresponding to x. 


Corresponding to 3 x*, we have, putting 
com (m — 4) x"! = 3 x, 


m= 5 and @= 3. 


For m=5 


Hence 


[a P+ 3x Y E aia SC n 1) antt4 ...) 
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is a particular integral corresponding to 3x* Comparing this with 
y, above, we see that it is equal to 3 Ya — xÂ). 


Hence a particular integral is — 3 x*.* 
The complete solution is then 


y= Ay t+ By 0 at 


IO 
Ex. 22 L += wid PS y= 
The result of putting y = x” in the left-hand member is 
m? xI 4 a. 
Rw 0 E 


Fm) = mi, p(m)=1. 


Hence method (a) applies. m=o, o, 


I l I 
(y = — Hp = — ee 
Fm -+r) : por 


since m=o is the only choice for m. 


o (1 = — Co = — Co, 
1 
I I 
(q=— 413% 
2? 2? 
C3 


e (i-¿p+ q + pek aT) 


is an integral. Let us call it cy. 


* This form could have been obtained at once by equating cob (m)am to 3x4, 
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To find a second integral, let y = yw + w, where v and w are two 
functions still to be determined. Since the single requirement of 
having this value of y satisfy the equation is imposed upon these two 
functions, a second relation between them may be assumed. We 
shall do this so as to simplify our work as much as possible. 

Substituting this value of y in the equation, and remembering that 
J is an integral, we get 


Pw, dw, do dy dy, do 
Aa a + ae +u el Ha taxes de =0. 
do. do 
hat — += 
Assume now tha F mā t de 


(this is the second relation at our disposal). Then 


v=A+5Blog x. 


And our equation to determine w is 


S dv, dw dy 


A 
=p 258 A Ir TA 
Letting w=«4+ ax + cot? +++ Ca" + oes, 
whence LETE: Zoo AZ GRH e H (nF I)a H e 
slw 2 Ca% + 6 cx? + s + (2 + i)n” + oes, 
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we have on equating coefficients 


G+ 4 =2B, 
ida 
2! 
a+ 96 = SA 
2!3! 


ln + (t+ Yanl 1)" — 22 


n\(n-+1)!’ 


Since we are looking for as simple a particular integral as possible, 
there will be no loss in assuming “¿=0; then 


(1 = 2 B, 


I I 
(q == colt +3) B, 


d am ae a: qe 


y mt ad ae: z) 2 B. 


Hence the general solution is 


ieat 


mE mo awit O 
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2y 
Ex. 3. 244 tayo. 


Ex. 4. 2 at TS x2 4 (1-2) y= 


Ex. 5. (1-07 +39 42y=0. 


75. Gauss's Equation. Hypergeometric Series. —The integration 
of the equation 


dy dy 

Az CO + (Dz+ ED+?Fy= 

where 4, B, C, D, E, F are constants and B?— 4 AC +o, leads to 
a remarkable series exhaustively studied by Karl Friedrich Gauss 


(1777-1855). This series and its differential equation were dis- 
covered by Euler (1707-1783). Putting z = ax + 4, we have 


[4a?x? + (2 Aab + Ba)x + AD + B+ az D4 (Die + E)? 


; + F'y =o, 
where JY, E”, F are constants. 


Choosing a and 4 so that 
A+ Bb+C=0 
and 2 Ab + B = — Aa+o, 


and dividing by the coefficient of (x? — x) A, we have 


(x? — x) Z +(Pet Q)2 A FEO 


where P, Q, R are constants. 
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Substituting <” for y in the left-hand member, we have 
— m(m—1— Q 4 [m — (1 — P)m+R]a”. 
Putting Q=— y, 1 — P=— («+ B), R= «B, 


our equation takes the form 


dy dy 
x? — ple == e = Oo * 
(e—a) 74 +[@+B+ 1D3—y]2 +08y=0, 


and the result of substituting y = x" in the left-hand member is 
ST (myx + (mar, 
where f(m)=—m (m—1 + y), $(m) = (m +0)(m + B). 


Using the method (a) of $ 74, we have 


m=00T 1—y. 


a om tr—1), _(mpr+a— (m+ rt B=), ., 


fmt ry (mt n(mt+rty—1 

For m= 0, we have 

a EA 
l I- y 

— (@+1)B+1), ala + 1 B(B+1), 
s 2(y + 1) , 1-2-y(y+1) 09 
ae _ a(a+r1)--(a+n2—1)B(B+1)+-(B+n—1 i 
a 0 


| le ee y(y+ 1)-"-(y+42—1) 


* This is usually referred to as Gauss's equation, 
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Putting c= 1, we have the particular integral 


= a-B a(a+1)B(B+1) 
BN eae geay 


4 a+ 1)" a CE leet B(B+1)---(B+n—2),, 


122-322 yy +1) (y+2—1) 


This is the Aypergeometric series, and is usually represented by 


F(a, B, y, x). 


For m = 1 — y, the student should show that the integral is oa 
where y,= x) YF (a—y+ 1, B—y+1, 2—y, x). 

If œ or B is a negative integer, while y is not, y, reduces to a 
polynomial. | 

If y is a negative integer (including zero), say y= — g Zo, while 
neither «œ nor B is one of the integers from — g to o, the coefficients 
in y, beginning with the gth become infinite. So that this form for 
y, cannot be used. (Another form involving log x can be found, 
which together with y, will give the general solution.) 

If y= —g Zo, where g is an integer, and « or B is one of the 
integers from — g to 0, y, reduces to a polynomial (excepting in the 
case when a or B= y; in this case a factor in the numerator and 
one in the denominator of every coefficient beginning with the gth 
term vanish ; here these zero factors neutralize each other, and the 
result obtained by striking out these zero factors gives us an available 
form for y,.*) In this case, although the two roots of /(#) =o 
differ by an integer, no logarithmic term enters in the general 
solution. 

If y is a positive number, say y =g > o, and neither «œ nor £ is 
one of the integers from 1 to g, the coefficients in yz become infinite. 
In this case a new form for y, agen log x can be found. 


* See Schlesinger, Diferentialgleichungen, $ 34. 
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If, however, y =g > o where g is an integer, and « or Bis one of 
the integers from 1 to g, y, reduces to a polynomial (with the excep- 
tional case of a or B = y, which is handled in the same manner as the 
exceptional case for y a negative integer or zero). So that in this case 
also no logarithmic term enters in the general solution. 

Using the method (54) of $ 74, let the student show that 


n= (a, I+a-y, I +a—8,2) 
x x 


si — e 
ni =4, p(B, 1+ 8-7, 1+8-0,1) 


are a pair of linearly independent integrals. 

If y, and y, are infinite series with finite coefficients, they will be 
convergent for all values of x less than 1 in absolute value, and diver- 
gent for all values of x greater than 1 in absolute value; while y,' 
and y;' are convergent as long as x is greater than 1 in absolute value, 
and divergent as long as x is less than 1 in absolute value. 

The hypergeometric series may at times represent well-known 
functions. Thus let the student show that 


Ex. 1. F(—2, B, B, — x)= (1 +x)" for B any constant. 
Ex. 2. xF(1, 1, 2,—x) = log (1 + 4). 


Ex. 3. Limite F( 1,8,1,5)=0". 


408 


Ex. 5. Express as hypergeometric series the following functions : 


Ex. 4. Limit, y «P(a B,3, — 5) sin x. 
2 


I 
I— x 


y (1 HA" (1 0)", (1 + a)" — (1 —x)", cos x, e He~. 


For further examples see Gauss, Collected Works, Vol. III, p. 127 


CHAPTER XII 
PARTIAL DIFFERENTIAL EQUATIONS 


76. Primitives involving Arbitrary Constants. — Partial differen- 
tial equations may be obtained from primitives involving either arbi- 
trary constants or arbitrary functions. Thus, consider the family of 
spheres of fixed radius Æ, with their centers lying in the plane of 
2=0. The equation of this family is obviously 


(1) (x— a) +(y— bf +? = R, 


where a and å are arbitrary constants. 


We shall consider x and y as independent variables, and shall put 


da *’ Oy “ox 'Axdy OP 


Differentiating (1) with respect to x and y respectively, we get 
(2) x—a+zp=o0, 
(3) y—b+2qg=0. 

Eliminating a and 4 from (1), (2), (3) we get 


(4) AP + ge +1) = R, 


which is known as the differential equation corresponding to the primi- 
five (1) ; on the other hand (1) is said to be a solution of (4). 
196 
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Perfectly generally, if we start with any relation involving two 
arbitrary constants and three variables, of which two are independent, 


(1) $ (x, y, 2, a, b)=0, 


where z is taken as the dependent variable, we get on differentiating 
with respect to x, and then to y 


dd , db _ 
(2) a O 
a 96 _ 
(3) a” 


We now have three equations from which to eliminate a and ¿. 
Doing this, there results 


(4) Hx, y, 2, P, q) = 0, 


a differential equation of the first order which has (1) for its primitive. 
If the primitive involves more than two arbitrary constants, more 
than three equations will be necessary to eliminate these, so that if 
only two independent variables are involved, the resulting differential 
equation will be of higher order than the first. Thus consider 


(5) ax? pien. 


Differentiating with respect to x and y respectively, we have 
(6) ax + czp =0, 
(7) | by + cq =0. 


We have now only three equations from which to eliminate a, 4, c. 
Hence we must differentiate again. Differentiating (6) with respect 
to x we have 


(8) a+c(zr +p) =0. | 
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Eliminating a, 4,¢ from (5), (6), (7), (8), we have 


co y 2 = 
x o ap Olor dE 
O y 2 O 
I O zr+p o 

(9) (xar + xp" — zp) =0, 


which is a differential equation having (5) for its primitive. Had we 
differentiated (6) with respect to y, we would have gotten 


(8) css + cpg = 0; 
whence, on eliminating a, 4, c from (5), (6), (7), (8, 
(9') zs +29 =0, 


which is also a differential equation having (5) for its primitive. Again, 
differentiating (7) with respect to y, we get 


(8") b+c(zt+ q?) =o. 
Eliminating a, 5, c from (5), (6), (7), (8"), we have 


(9") yzt+ygť — 29 = 0, 


which is also a differential equation having (5) for its primitive. 
Since (9), (9'), (g") are all of the second order, there is no choice 
among them, and all may be said to be differential equations belong- 


ing to (5)*. 


* Attention should be called to the fact that there is no such ambiguity in the case 
of the equation of the first order belonging to a primitive involving two constants. 
Since there are ¿+ 1 &th derivatives of z depending on the number of times we differen- 
tiate with respect to x and to y, it is clear that, in order that a primitive should give 
rise to a unique partial differential equation of the zth order, the number of arbitrary 
constants it contains must be equal to the sum of all the integers from 2 to 2 + 1, ĉe 
n(n + 3) : 


2 
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Form the differential equations having the following equations for 
primitives, a, b, c being the arbitrary constants to be eliminated : 


Ex. 1. (x— a} + (y— a +2=0, 

Ex. 2. a(x +y +b? =i. 

Ex. 3. z=ax + by + Va? +0, 

Ex. 4. z= (x+ a)(y +0). 

Ex. 5. («—a)’+(y—6)?+(@—¢)=1. 

Ex. 6. z=ax-+ by + cxy. 

Ex. 7. ax+0y+<c2=1. 

77. Primitives involving Arbitrary Functions. — Let w and v be 


two known functions of x, y, z, and suppose we have the arbitrary 
relation 


(1) (u, v) =0. 

Differentiating with respect to x and y respectively, we have 
dg (du, du, , 34/30 

(2) a Mate = 520) => 
Op (Ou , Ou Op (dv , dy N _ 

(3) du ES a 7) + ðv \ dy baer )= 


In order that (2) and (3) may hold simultaneously, we must have 


du , Ou Ou , Ou 

dx" ds dy az 

de, ón, dn, yf 
Ox 02 dy OZ 


(4) Pp+ Qq=R, 
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where | 
du du du ðu du du 
dz Oy Ox 02 Oy Ox 
low a © lan aol’ “Jan avl 
dz oy Ox 2 dy Ox 


This is a linear partial differential equation of the first order. By 
a linear partial differential equation of the first order we mean one 
that is linear in the derivatives of the dependent variable (the way in 
which the dependent variable itself enters playing no róle).* 

If « and v are two known functions of x, y, z, and we have 


(1) SF Lx, y, 2, pl), ¥(@)] =09, 


where f is some known function, but ¢ and y are arbitrary functions, 
then, on differentiating, we have 


@) oe a?) + O +32) 


o foin ett) Bethe) 


Since (2) and (3) introduce two new functions ¢'(z), y'(v), five 
equations are necessary to eliminate the four functions ¢(z), y(z), 
ORIO 

We must differentiate (2) and (3), which will give rise to three 
new equations involving second derivatives of z, and the new func- 
tions @"(z) and y''(v). In all we have now six equations from which, 
in general, it is not possible to eliminate the six arbitrary functions. 
If such is the case, we must differentiate again, this time obtaining 
four new equations, involving third derivatives of z, and the two new 


* The student will note the difference between this definition and that given for a 
linear ordinary differential equation of the first order ($ 13). See also $ 87. 
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functions ġ"'(«) and y""(w). That is, we have now ten equations, 
from which the eight functions can be eliminated, in general, in two 
distinct ways. Hence we are led in the general case to two differen- 
tial equations of the third order. 

In the case of special forms of the function f, we can eliminate the 
six functions p(%), $'(u), $"(u), Y), y'(0), y"(v) from the first six 
equations arising in the above process. Thus, for example, suppose 
Ff=w-—|e¿(u) + y(0)] =0, where w is a known function of x, y, z. 

Then 


o (rre) bro, 


(A AO at 2) |=o 


These last two equations involve only ¿'(w) and y'(v), and not 
(uz) and y(v). Hence, since the three equations gotten by differen- 
tiating these involve only ¢'(z), ¢''(z), y'(v), w"(v), these four func- 
tions can be eliminated from the five equations in which they enter 
and a single differential equation of the second order arises which 
has w = (u) + y(o) for its primitive for any form of the functions 
¢ and y.* 

Find the differential equations arising from the following primi- 
tives : 


Ex. 1. d@+y+2, 7+y+2) =0. 
Letting + y+2=u, $+ y+ =v, we have p(u, v) =0. 


* The five equations are linear in ¢’(u), $” (u), ¥’(v), Y” (v). Hence the elimina- 
tion can be effected readily. Moreover 7, s, ¢ enter linearly also, and in such a way 
that the resulting differential equation is also linear in them, that is, it has the form 
Rr + Ss + 7t=V, where R, S, 7, Y, are functions of x, y, 2, 2, g. 
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Differentiating, we get 
ð ð 
(a + p) +2 (2 x+ 2 2p) =0, 
X ð$ _ 
a, tOta (2y+2 4) =0. 
“(r+ 20 +27) (1 + IH + 2P) =0, 
or (1-2 P+(6—x)9=x—J. 
Ex. 2. (2 — xy, 7) = 0. 
x 


Ex. 3. (a+ y z — xy) =0. 


tj 
> 


4 ¿=p (+ y) +y). 


.5. z= p(x + y) + y2). 


ti 
> 


78. Solution of a Partial Differential Equation. — Since a primitive 
which gives rise to a differential equation is obviously a solution of 
that equation, we see that arbitrary functions as well as arbitrary con- 
stants may enter into the solutions of partial differential equations. By 
the general existence theorem* for partial differential equations, it is 
seen that every partial differential equation, or system of such equa- 
tions, has a solution containing a definite number of arbitrary func- 
tions. Asan arbitrary function may contain an indefinite number of 
arbitrary constants, a solution involving an arbitrary function is much 


* This theorem is due to Cauchy, as is that for ordinary differential equations. 
Proofs of the theorem have also been given by Darboux and Mme. Sophie de Kowa- 
lewski, among others. The proof of the latter is the most readily followed and is the 
one usually given. See Goursat-Bourlet, Equations aux Derivées Partielles du Premier 


Ordre, Chapter I; also Picard, Traite d' Analyse, Vol. II, p. 318. 
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more general than one that contains any fixed number of arbitrary 
constants. We shall speak of the solution given by the existence theo- 
rem (which is a solution involving one or more arbitrary functions) 
as the general solution. 


The mere statement of the existence theorem for a system of partial differential 
equations of any order is quite complicated. We shall give here simply a state- 
ment in the cases of a single equation of the first and second orders in three 
variables: 

1° Consider the equation f(x, y, 2, P, q) =0. We shall suppose that p 
actually appears.* Solve for it, so that the equation may be supposed to have 
the form 


p=F (x, y, 2, 9). 


The existence theorem tells us that ¿f F (x, y, 2,9) is regular t in the regions 
of x = Xo Y = Yo Z = 20) J = 90, and tf p(y) ts any arbitrarily chosen func- 
tion of y, regular in the region of yo, and such that (yo) = 20, $'(¥o) = go, 
there exists one and only one solution z = Y (x, y), which is regular in the regions 
of x = Xo, Y = Yo, and which reduces to z = p( y) for x = xo. 

Geometrically this means that given any curve z = pl y) in the plane x = xo 
there exists one and only one surface (in any region for which there are no sin- 
gular points $ of the differential equation) passing through that curve. 

This can be generalized. By a proper choice of coórdinates it can be shown 
that one integral surface, and only one, can be found passing through any arbi- 
trarily chosen curve, whether plane or twisted (as long as we avoid singular 
points of the equation). See Goursat-Bourlet, p. 21. 

2° Consider the equation f (x, y, 2, P, 9, 7, 5,2) =0. If this contains neither 
y nor 4a linear transformation will introduce one or both of these. We shall 


* If p is absent, then g must appear, and the argument here employed can be car- 
ried out by interchanging in it p and g, and x and y. 

+ The function F (x, y, 2,7) is said to be regular in the regions of + = Xp, Y = Yo, 
Z = 20, J = Yo, if it can be developed by Taylor's theorem in a convergent power series 
in x — Xo, Y — Yo, Z — Zo, 9 — Yo 

t By a singular point of the equation we mean one whose coördinates together 
with the corresponding value of g determine a set of values in the regions of which Æ 
ceases to be regular. 
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suppose then that one of them appears; and there will be no loss in supposing 
that it is ». Solving for this, the equation takes the form 


r= F(x, y, 2, py 9, 5, £). 


The existence theorem tells us that if F is regular in the regions of x = xo 
Y = Io Z =20, É = pu J = 90, S = 50, E = lo, and if p( y) and y( y) are any 
arbitrarily chosen functions of y, regular in the region of yo, and such that p( yo) 
= 20 P'( yo) = 90, PC yo) = tos ¥( yo) = for Y' (Yo) = So, there exists one and 
only one function, 2, of x and y which ts regular in the regions of x = Xo, Y = Yo 
and such thatz = p( y) and p = y ( y) for x = xo. 

Looked at geometrically, this means that given any curve z =p( y) in the 
plane x = xp, there exists an indefinite number of integral surfaces passing 
through it. Butif at each point of this curve we fix a tangent plane, there exists 
one and only one integral surface through the curve and tangent to these planes. 
- For, the direction cosines of the normal to the tangent plane are proportional 
to f, 7, — 1. As soon as the curve is given we know¢(y). The g at each point 
of this curve is p'( y), hence it is also known. So that to give the tangent plane 
at each point is to give p, which is our y(y). Once p( y) and y ( y) are given, 
the existence theorem says the integral surface is determined uniquely. 

As in the previous case, this may be extended to apply to any curve whether 
plane or twisted, 

Here again, no singular points of the differential equation are supposed to 
appear in the regions in which we are interested. 


CHAPTER XIII 
PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


79. Linear Partial Differential Equations of the First Order. 
Method of Lagrange. — Lagrange deduced the following very neat 
method of solving linear partial differential equations of the first 
order. The general type of such an equation for one dependent and 
two independent variables is | 


(1) Pp + (q =R, 
where 2, Q, R are functions of x, y, 2. 
Consider the linear equation with three independent variables x, y, z, 


du du du 
(2) fog the ds 


which is homogeneous (i.e. there is no right-hand member), and the 
coefficients are functions of the independent variables only. 


If u= c satisfies (1), u will be a solution of (2) ; for, differentiating, 


au du 
Ox oy 
we have =- 57 A 
OZ 0% 


Substituting these in (1) we get (2). 
205 
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Conversely, if w is a solution of (2), u =c will satisfy (1). For, 
from (2) we have, on solving for X, 


du du 
Ox, oy 
— du P— Ju Q =R. 
Oz 02 
Ox dy 
But = ðu — Py — du = Y, 
03 Oz 


when u=c. Hence (1) follows. From this we see that the problem 
of solving (1) is equivalent to that of solving (2). 
Consider now the system of ordinary differential equations, 


d. dy d 


If u is a solution of (2), u=c satisfies (3); for, if we multiply 


du ðu ðu 


numerator and denominator of these fractions by — respec- 


dx” dy’ dz 
tively, we have, by composition, that each of the fractions of (3) is 
equal to 3 | 3 3 
u u u 
— ax+—a+—da 
a ay oe 
Ou Ou Ou" 
P-- —+Rk — 
Ox +e dy $ 02 


Since the denominator is zero by hypothesis, the numerator (which 
is de) must be. Hence “= cis a solution of (3) [$ 65, 3°, (6)]. 
Conversely, if v =c is a solution of (3), u will satisfy (2). For, by 
differentiation we have 
Ou Ou Ou 


— ax + — — a=0. 
4) a Oye on 
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To say that u = c.satisfies (3) is to say that for it 
dx: dy: di=P: Q :R. 


Hence, replacing in (4) the former by the latter, we have 


Pp o% y ER Ro =0, 


which shows that (2) is satisfied. 

Hence the problem of solving (2) is reduced to that of solving (3). 

Therefore, finally, the problem of solving (1) is reduced to that of 
solving (3), since every solution of the latter is also a solution of the 
former, and conversely. 

Moreover, if u = c,, v= Cc, are any two independent solutions of 
(3), any function of w and v, say p(u, v), will satisfy (2). For, 
substituting this in the left-hand member of (2), we get 


0¢/ p du $H/ p ðv pô? 
Us 440% +R pee et Oe +25) 


This vanishes, since 4 and v each satisfy (2). Hence (x, v) is 
also a solution of (2) irrespective of the choice of the function ¢. 

Therefore, $ (u, v) =0* is the general solution of (1), since it con- 
tains an arbitrary function, $ 78. Since œ is an arbitrary function, 
there is no loss in putting zero for the right-hand member instead 
of an arbitrary constant. 

Word for word, the above proof may be extended to a linear equa- 
tion with » independent variables. So that we can formulate the rule: 

To find the general solution 3 


Ax IRS Z þe +2, =R, 
0X2 | Ox,, 


OE Oo ON E, 
PRP; P, R 


solve 


* The solution may obviously also be written in the form u = f (v), or v = y(4) 
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Lf the general solution of this system ts 
Uy = Cis Ug = Ca, oor, Un = Cy, 
then (ty, uy, +++, U,) =0, where $ is an arbitrary function of 


Uy, Ua, ***y Uns Will be the general solution of (1). 


Ex. 1. xz + yzg = xy. 
Ce De, 
XZ YZ xy 


Multiplying numerator and denominator of the three members by 
Y, X, — 2 2 respectively, we have, by composition, since the denomi- 
nator vanishes, 


ydx+xdy—2sdz=0. (Method 3°, (5), $ 65.) 


y =p 


Besides, 


aaa , or — a 0 gives 2 = (go 
y x 


xz ys’ x 


o ii y— 2, z\= o is the general solution. 
x 


Ex. 2. > tatl no 


de dy de _ de, 
—y x 1+% o 


We have at once xdx + ydy =0, 
or x + y = Cy. 


Also, U = Co. 
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Multiplying numerator and denominator of the first two members 
by — y and x respectively, we have by composition, 


ady—ydx_ da th o 
ES En (Method 3°, (a), $ 65.) 


tan — tan z = C, 
x 


yY — XB 
x+ yz 


e, x = XZ = — x 2 o XZ\ + P 
6(w +yY, z=) O, Or Yu a +y, paar is the gen 


eral solution. 


Ex. 3. yp—xq=x*—y, 
Ex. 4. (y—2)p+ (@—a4)g=x-y. 


80. Integrating Factors of the Ordinary Differential Equation 
M dx +N dy =0.—We are now in a position to treat satisfactorily 
the problem of finding an integrating factor for an ordinary differ- 
ential equation of the first order and degree. We have seen ($ 7) 
that the necessary and sufficient condition that u be an mbegranng 
factor of M dx + Ndy=0 is 


(uN) _ 04M) _ 


Ox oy 
IN IM ð ð 
or PEA whence 
N Op M p yx 
z TS 
dy Ox Ox oy 


* Since the number of solutions of this linear partial differential equation is infinite, 
we see again that an ordinary differential equation of the first order has an infinite 
number of integrating factors ($ 5). 
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To find p satisfying (1) we consider the system of ordinary 
equations, 

| aM aN aN _aM 
(2) Oy Ox dx= He oy rr 


re 


NV M i 


Remark. —In actual practice, when trying to integrate M dx + Nay = 0, we 
are not desirous of finding the most general form for 4; as a matter of fact, as 
a rule, the simpler the form the better. Hence any one solution of (2) will be 
sufficient. It should be noted that this is not usually a practical method. But, 
for special forms of M and N, a solution of (2) can be found. Thus the follow- 
ing general classes of equations for which we can find a solution of (2) may be 
noted here.* 


aM _ ƏN 
o dy Ox. ; 
1° If ——— is a function of x only, say /,(x), we have, from 
(2), that p =e1%* is an integrating factor ($ 17). 
ON OM 
Ox 


2° If + Y is a function of y only, say f¿(y), then p = e540 js 


obviously an integrating factor ($ 17). 
3° If the equation is linear, then M = Py— Q, N= 1, and (2) 


becomes Pax = =£ dy = du. Hence p =ebPdz is an integrating 


factor ($ 13). -e į 

4° If M and N are homogeneous and of the same degree z, we 
get, by composition, after we have multiplied numerator and denomi- 
nator of the first two members of (2) by y and x respectively, 


IM ƏN aN ai 
E AT E EA AN 
Y ay = úl (= ax ay | da 


xM +yN p 


(3) 


* These were enumerated in Chapter II, in the list of equations for which integrat- 
ing factors can be found. 
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By Euler's theorem for homogeneous functions, we have 


+ yo M, ay oy TMa 
AON AN aN ue — AA 
ð oy oy 
whence (3) may be written 
eed gh aM Aa) + ie dx + A d)- n(M dx +N ay) 
A KA 


But Mdx+ Vdy=0. Hence we may add (2 + 1)(M dx + May) 
to the numerator on the left without altering its value, Doing so, we 


h 
did UxM+yN) _ _ dp 


xM+yN po 
Integrating, we have — eee 17) 
xM + yN 


5° If M= yf (xy), N= x/,(xy), then on multiplying numerator and 
denominator of the first and second members of (2) by y and — x 
respectively, we have by composition, after obvious reductions, 


_AxM—yN)_ dp 
xM — yN p 
On integrating, we have 
pS ET ET 5 ($ 17). * 


81. Non-linear Partial Differential Equations of First Order. 
Complete, General, Singular Solutions. — We have seen ($ 16) that 
a primitive 


(1) p(x, J, 2, a, b)=0 
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which involves two arbitrary constants gives rise to a unique partial 
differential equation of the first order 


(2) Fx, Y, 2, É, q)= O. 


This differential equation is gotten by eliminating @ and 4 from (1) 
and its derivatives with respect to x and y respectively ; viz., 


(3) 


(1) is spoken of as a solution of (2). Here, of course, æ and ¿are 
constants. Letting them be parameters, we have, on differentiating 
(1), and taking account of (3), 


apa, 36.95 _ 

da dx 0b0x ” 
(4) 

Op ða , OP ðb _ 

da dy ` ðb dy 


These two equations can be consistent only in case either 


(5) 


or . = 0. 
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If this determinant vanishes, 4 is some function of a, say y(a), (Note 
I in the Appendix). Then (4) may be replaced by 

b= y(2), 
(6) ðb undp 

ða +y) > Bi 


Since (5) and (6) were gotten on the assumption that (3) hold, it 
follows that if we eliminate æ and ¿ from (1) and (5), or from (1) 
and (6), we shall get relations between x, y, z which will satisfy (2). 
Hence these relations are also solutions. 

We see then that the primitive of a partial differential equation of 
the first order is not the only solution. But since the others can be 
gotten from it, Lagrange called it the complete solution. 

We have already noted ($ 78) that, in the general theory of partial 
differential equations, it is proved that an arbitrary function appears 
in the general solution of an equation of the first order. Since in (6) 
the function y(a) is any function of a we please, Lagrange called the 
solution gotten by eliminating a and 4 from (1) and (6) the general 
solution. 

A particular solution is gotten by assigning definite values to a 
and ó in the complete solution, or by using a definite function y(a) 
and eliminating a and ¿ from (1) and (6). 

On the other hand, the solution gotten by eliminating a and 6 
from (1) and (5) contains nothing arbitrary, and is known as the 
singular solution. It is the exact analogue of the singular solution 
of ordinary differential equations. Looked upon geometrically, it is 
the equation of the envelope of the doubly infinite number of surfaces 
whose equation is given by (1), just as the general solution is the 
envelope of an arbitrarily" chosen single infinity of those surfaces. 
It can also be shown * that the singular solution can be gotten from 
the differential equation by eliminating $ and g from 


Fx, y, 2, É, q) =0, 72,=0, 70, 


* See Goursat-Bourlet, p. 24, also p. 199 and foll. 
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in exact analogy to the case of ordinary differential equations of the 
first order. But the limits of this book prohibit a further discussion 
of the subject. We shall conclude it with the following obvious 
remarks : 

1” There need be no singular solution. This will happen in case 
the equations (1) and (5) are inconsistent; or, geometrically, in 
case the surfaces (1) have no envelope. | 

2” The general solution cannot be written down. y(a) is entirely 
at our disposal ; but until it is given, there is no way of eliminating 
a and 4 from (1) and (6), and when it is given, we have, of course, a 
particular solution. 

3° There is no unique complete solution. <Any solution involving 
two arbitrary constants may be taken as one. It is easy to see that 
there is an indefinite number of them. For, if we choose any form 
for y(a) which involves two arbitrary constants 4 and Å, on eliminat- 
ing a and ¿from (1) and (6) we get a solution involving these two 
arbitrary constants, which fulfills all the requirements for a com- 
plete solution. 


We saw in ($ 76) that a complete solution of 22( £? + g2 +1) = A? is 
(x — 024 (y —0) 4 2= RI, 


which represents a family of spheres of radius œ and centers in the plane z = 0. 
The envelope of these is the pair of planes z? = A?, which is obviously the result 
of eliminating a and 5 from l 


(x — a)? + (y — b) ++ 2 =R, x—a=0,y—b=0, 


or of eliminating and g from 
0 
22 (p2 + 924 1) = R, 2p =0, 229 = 0. 


22 = R? is then a singular solution. 

The choice of any relation ¿= y(a) results in selecting those spheres whose 
centers lie along the curve y = y(x) in the plane z =0. The envelope of these 
is obviously the tubular surface traced out by the motion of a sphere of radius X 
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moving with its center on the curve y = y(x) and along its entire length. In | 
particular, if y(x) is a linear function of x, the envelope is a cylinder. 
As an example, suppose 6 = ha +4. 
To find the corresponding solution, we have to eliminate a from 


(x — a)? + (y — ha— k)?4+2= R?, 


(x — a) +A(y — ka — k) =0. 


From the second of these we have 


a= +42, 
I +f? 


Putting this in the other equation, we have 
A (hæ — y +b)? + (he —y +2) | 
(1 + 42)? 
or (Ax — y +h)? = (1 + A(R — 22), 


which is obviously the equation of a circular cylinder whose axis is the line 
y= Ax +h, z=0. 


Since this solution contains two arbitrary constants, it is a complete solution. 
(See Ex. 6, § 83.) 
As an exercise, the student should start with 


(hx — y + $)? = (1 + A(R — 22) 


as a primitive and show that, considering 4 and Å as the arbitrary constants, the 
resulting partial differential equation is again 22( £ + 2 + 1) = R?, 


82. Method of Lagrange and Charpit. — Since the knowledge of a 
complete solution is sufficient to enable us to find all other solutions, 
1t is usually desirable, whenever possible,'to find it first. Lagrange 
suggested the following method : 

Given the equation 


(1) Fx, y, 2, P, 9) =0, 
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try to find a second relation 


(2) (x, Y, 2, P, 1, a) = 0, 


which involves either $ or g or both, and also an arbitrary constant, 
and such that when we solve (1) and (2) for p and g and put these 
in the total differential equation 


(3) dz=pdx+qdy 


the latter can be solved ; the solution of (3) is a complete solution 
of (1), since, from what precedes, it determines z as such a function 
of x and y, that the values of f and g obtained from it, together with 
z satisfy (1) ; besides it involves two arbitrary constants. To do this 
we may proceed as follows : 

Differentiating (1) and (2) with respect to x, we have 


a) Y ¿YU DY o 


óx “02 0pdx' dg dx 


Op , Ob | Ob ap, Ob de _ 
(5) Aa pno uya 


Similarly, differentiating with respect to y, 


(6) Y gY LO, SU o 


? 


dy “dz pdy og dy 
| ab | 0h, Ob dp, a6 dy _ 
(7) oy te, T dy oq dy o: 


Now the condition that (3) shall be integrable is obviously 


(8) | L_Azo 


* Throughout this section, £ F a A qa 
x z ay y z 
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From equations (4), (5), (6), (7), (8) we can eliminate the four 


quantities 4 ae 2, We get rid of a by multiplying (4) 


and (5) by os and > respectively, and subtracting. The result is 


sd ee ei (Es 3$ Dilo 


dz > dp "NOg op ðg 0pjaw 


Multiplying (6) and (7) by se and Z respectively, and subtract- 
i q g ` 


ing, we get rid of ag and have 
dy 


y (Ly ¿LD _ (28 Y 4 (Y 3 _ 94 A 
ae E x 07) ag a Ta; ) ag + dg ap ag) ay 
Making use of (8), we have, on adding and arranging according to 
derivatives of ¢, 


af Y, INEGI 
(tr) (a Paz oe + +955 Jas 3p ax ðg dy 


Y, INP 
- -(¢ ra Tog) dz 


This is a linear equation. Hence, to solve for ¢, we consider the 
system of ordinary equations 


Ff F 7 7 _f F of , of 
öz Los da A Oy - (055+ 990) 


(12) œ _ dq dx dy de dp 
O 
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Our aim is to find, not the most general form of ¢,* but any form 
of it that contains fp or g, and an arbitrary constant. Hence, in actual 
practice, we look for the simplest one. 


Remark. — It is desirable that (11) or (12) be committed to memory. 


d_ ð ð d_ð ð 
If we put === Z and ==2 La 
i dx @Qx tha. dy Tas 
we have the skew symmetrical form 
(12' ) Sp _ _ aK dq n= dy ; 
df of af OF 
ax Op ay ð 
as for the next term T R this is really a result of the equality of 
e (235+ 135) 
~~ - 2, as may be seen by composition after multiplying numerator and 
E j 
dp =O 


denominator of the first by # and of the second by g, and taking account of (3). 
Or using the same notation as before, and writing 


df ab _ af dp _ 


af dp _ Of do _ 
Dor Orar = [4 $la, e 


(11) may be put in the compact form 
(15) [Alep +UA $1y, a =0.: 


* Lagrange thought originally that by using the general form of ¢ (which would in- 
volve an arbitrary function) he could get the general solution by this method. But this 
is, in fact, not practicable. Charpit, in a memoir presented to the Académie des 
Sciences, in June, 1784, suggested the use of any form for ¢ involving $ or g and an 
arbitrary constant, obtaining by its use the complete instead of the general solution. 
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Ex.1 2—pg=0. 


To find ¢ we must find a solution of 


- Using the first two members, we have | 
$ =p —aq=0. 


Combining this with the original equation, we have 
os ay, I= NE 
a a 
Then (3) becomes dz = a NE dx + NA dy, `: 
a a 


= a dx + dy. 


Va dz 
or a oe 
Z 


Integrating, we have 2 Vaz = ax + y + 4, 
or 4 az = (lax + y + bY, 
which is a complete solution. 
If we had used the second and third members, we would have had 
$= q—x—a=o. Whence 


Z 
x+a 


g =x + a,and p = 


Z. 
x ad 


Then (3) becomes dz = 


dx + (x + a) dy, 


(x + a)dz — z dx 


dy = 
or y Gio 
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tegrati h b= —*_, 
Integrating, we have y + La 
or 2=(x + dy + 0), 


which is also a complete solution. 

The general and singular solutions can be gotten from either of 
these. Thus, using the second one, we get the general solution by 
eliminating a from 


z= (x +a)[y + y(2)] 
and y + ya) + y'a) + a) =o, 
where y(a) is any function of a. 

In particular let the’student show that if we put 
Yy(a) = k — ha 


where 4 and £are any constants, the corresponding solution is 4 42 = (Ax + y + $), 
which we recognize as the first form obtained. 


The singular solution, resulting from eliminating a and 4 from 
2= (1 +a) +0), 
Y + b= O, 


x+ax=0, 
is Z = 0. 


Let the student show that this can also be gotten from the other form of 
solution. 


Ex. 2. p= (z +9)". 


Ex. 3. V+ Vg=23%. 
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83. Special Methods. — Special methods for certain forms of the 
differential equation at times prove simpler than the general method 
of $ 82 (although most of them are suggested by the latter). Some 
of these are the following : 

1° Suppose all the variables absent. The equation takes the form 


(1) F 2, 9) =0, 

and the equations for determining ¢ become | 
PMY ys, 

(2) rió 


From the first member we see that p=4. 
Then g is gotten by substituting in (1). Evidently g = 4, where 
b is determined by f (a, 4) = o. 


We have then dz=adx + bdy, 


or 2= ax + by + c, where f (a, 6) = 0. 
Hence the rule : a 
The complete solution of f(b, q) = o ts 


z= ax + by + c, where f (a, b) =0.*: 


By means of simple transformations, certain forms of equations can be broughi 
into this type: 
; 02 ðZ A 
Putting log z = Z, or z = eZ, we have p= a ae =z — ; so that 
x 


Ox Ox 
£92 
z Ox 
Similarly 2-9, 


* The complete solution represents a doubly infinite set of planes. Any particular 
solution represents the envelope of a chosen single infinity ofthese. This is a develop- 
able surface. There is no singular solution. Why ? 
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Hence, if the equation is f (e ; E) =0, log = Z will transform it into 
Zz 8 


E tejo 


Again, if we let log x = X, or x = e*, 


_ Oz _ Oz dX _ _10s. š 


== 3 te. xp = 7. 
da OXdx OX? | P TIX 
Similarly, putting log y = Y, we get yg= r . 
Hence 
J (xp, 7) = 0 is transformed into f ( a, 2 E a Obylog x= X; 
y 


I (499) = 0 is transformed into f Es , oe = 0 by log y= Y; 
de E 


I (xp, yg) = O is transformed into f E ae )= = 0 by logx = X, log y= Y; 
ze Z \ = o is transformed into (E i 22) = 0 by log x = X, log z= Z; 
r( z L) = 4 ðX oy awe E 
and so on, 
Ex. 1. fg = 1. 


The complete solution is z = ax + by + c, where ab= 1, 
or 2=ax + > y+<c 


Ex. 2. g =z + px. 
Writing this in the form l=1 g , we see that the substitu- 
Z 2 


tion X = log x, Z= log z, will transform this equation into 
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The complete solution is Z= aX + (1 +a)y+ c. Passing back to 
the original variables, we have log z=a log x+ (1+ a)y+¢, 
S == bxtelltay, 


Ex. 3. r+ g =r. 
Ex. 4. 144 yg=2g 


Ex. 5. yq = p- | 
2° If x and y are absent, the equation takes the form 
(1) J (2, P, 7) =0, 
and we have for determining q 
d, de 
(2) T = -7 = +. 
ðz Oz 


- B_Y whence g = 
<1. += -4, q = ap. 
P g á 


Substituting in (1), we have f(z, p, ap) = o, whence p=y(z, a), 


dz 


and az = p dx + q dy becomes 


, 


y de + ad, 


where the variables are separated. 

To put this rule in shape easily to be carried in mind, we note that, 
to say g=ap is to say that z is a function of x + ay, by the general 
method of $ 79. If we put x + ay = £, we have 


anc he equation (1) becomes the ordinary differential equation 


de æ 
1,9 €— | =9, 
sl at a) 
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in which the independent variable is absent. Hence the variables 


can be separated immediately after solving for Z . We have, then, 


the rule : 
Lf the ado: is of the form f (z, p, q) =0, put x + ay = £ which 


will replace p by E 7 and q bya A Put these values in the equation 
a 
and solve for —- 
f dt 
If the equation has one of the forms 


I (% xb, 7) = 0, f (2, $, yg) = O, f (2, xp, yq) =0, 


one, or both of the substitutions log x = X, log y = Y will reduce it to the 
above form. 


Ex. 6. ?(F ++) = R. 


Putting x + ay=t p= TP g=a A and the equation becomes 
Alora 
st a. 
VR 
we — Vite VR ea=t+b=x4+ay45, 
or (1 + ad (A? —2) = (x + ay + by. 


Ex. 7. xp(1 +g) = 92. 
Ex. 8. z= pg. 


3° If the dependent variable is absent, and the equation is such 
that it can be put in the form 


(1) A(x; 2) =/40, 9) 
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(a sort of separation of the variables), the equations to determine q 
become 


dp _ _ dx 
(2) E pla 
Ox Op 


AO ys = 
ore dx + ap dp = 0, or Mi? Hence we have 


Aza. 
Je fox a. 


Solving these, we have p= y(x, a), g = p(y, a), 
and dz = pdx + q dy becomes 


dz = p(x, a)ax + Ya, a)dy, 


in which the variables are separated. Hence the rule: 

If the dependent variable is absent, and the other variables are 
separable, such that the equation takes the form f(x, P) =fh(9, 9), 
equate each. of these members to a constant, solve the resulting equa- 
tions for p and q, and put these values in dz = p dx + q dy. 


If the equation can be put in the form f(a, 2)> hj (», 2), the transforma- 
2 2 
tion log z = Z will reduce it to the form above. 
Ex. 9. y=2yP. 
Ex. 10. 2(2x—2)) —p+g=0. 


4° The equation z= px + gy +/ (2, 7), which is usually referred to 
as the extended Clairaut equation (§ 27), will obviously be solved if 
we put p=a,q=06. We have then the complete solution 


2=4x+0y+/(a, b). 
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While the general method of $ 82 applies here, it does not give this simple 
form of solution. By that method we may use either ¿=« or g = 4, but not both 
simultaneously. As a matter of fact it is an accident if the result of substituting 
in the differential equation the values of p and g obtained from two solutions of 
equations (12), $ 82 is a complete solution. It does happen, at times, as in the 
case in question. But there is no cértainty that it will, nor is there even a likeli- 
hood of it. 


Ex. 11. Solve z= px + gy +V Pret, and examine for singu- 
lar solution. 

5° If the equation is of the form f(x + y, A, i = 0, let g=p+a. 
Then f (x +y, 2, £ + 4) =0 gives p= p(x + y, a), whence 


g=o(x+y, 2) +4, 
and the equation dz = pdx + q dy becomes 
dz = (x + y, a)(dx + dy) +a dy. 


Let the student show that this form of solution is given by the general method 
of § 82. 
If the equation is of the form f ( x+ 27 2, 2) = 0, the transformation log z = Z 
will reduce it to the form above. . l 


Ex. 12. p(x4+y)-g=0. 
Ex. 13. ap(x +y)+p(g—p)=2. 


6° If either p or g is absent, the method of solution is obvious 
by inspection. In the former case integrate considering x as a con- 
stant, when the constant of integration will be an arbitrary function 
of x. In the other case integrate considering y as a constant, when 
the constant of integration will be an arbitrary function of y. These 
solutions, involving arbitrary functions, are general solutions.* 


* When these equations are of the first degree in the derivative, they are linear 
equations. ‘The method here given is exactly that of Lagrange for such equations 


($ 79). 
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Ex. 14. (x—yg —(x+2)=0. 


Considering x as a constant, we can write g = Z, 
y 


Integrating and taking exponentials of both sides, we have 


(x +2)(x—y) = $x), 


where ¿(x) is an arbitrary function of x. 


Ex. 15. xf — 2 zp + xy =0. 
Ex. 16. p+ y(2-x)=0. 


Ex. 17. 9°(f—1) =f. 


84. Summary. — Partial differential equations of the first order are 
divided into two general classes: those which are linear in the 
derivatives of the dependent variable, and those which are not. 


[e] 


1° For the solution of linear differential equations of the first 
order the method of Lagrange applies, giving the general solution 


($ 79). 


[e] 


2° For the solution of non-linear equations of the first order, the 
general method of Lagrange and Charpit applies (§ 82), giving a 
complete solution. From this the other solutions can be gotten 
($ 81). l 

At times the special methods of § 83 are shorter than the general 
method of § 82. 

Sometimes a transformation of variables will help in the solution 
of an equation. o 
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Ex. 4. z=px+qy+(p+). 
Ex. 5. xypq=2. 

Ex. 6. y*zp sE x*2qg = yx. 

Ex. 7. q=xp+P. 

Ex. 8. (f+ 9)(px+Qy)=1. 


Ex. 9. (24 I12+9 + (MP9 =1. [Let x+y=x, 


Ex. 10. (7+ 9*)x — pz=0. 

Ex. 11. (4) (P4+7)=1. [Let x=p cos 0, y= p sin 6.] 
Ex. 12. (Y 4+2*—3%p— 2 xyg + 2 x2=0. 

Ex. 13. 7=2*(p—g). | | 
Ex. 14. (y—x)(qy—px)=(p—g)*% [Let xy =u, £ +y=v.] 
Ex. 15. E y = aVE FIFE. 


1 


Ex, 16. pg = px+ gy. 


Ex, 17. (tetas etapa) H+ (o oyo 


=Xx+Jy +42 
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Ex. 18. Determine a system of surfaces such that the normal at 
each point makes a constant angle with the plane of xy. 


Ex. 19. Determine a system of surfaces such that the coordinates 
of the point where the normal meets the plane of xy are proportional 
to the corresponding coordinates of the point on the surface. 


Ex. 20. Determine a system of surfaces for which the product of 
the distances of the tangent plane from two fixed points is a constant. 


CHAPTER XIV 


PARTIAL DIFFERENTIAL EQUATIONS OF HIGHER ORDER 
THAN THE FIRST 


85. Partial Differential Equations of the Second Order, Linear in 
the Second Derivatives. Monge's Method. — The general type of a 
partial differential equation of the second order linear in the second 


derivatives is 
(1) Rr+ Ss + Tt= V, 


where &, S, 7, V are functions of x, y, z, f, g. Gaspard Monge 
(1746-1818) suggested a method, which is known by his name, by 
which a first or intermediary integral is found in the form of a partial 
differential equation of the first order involving an arbitrary function. 
The solution of this equation by any of the methods of Chapter 
XIII, or otherwise, will then give the general solution. While this 
method applies only in case RX, S, 7, V satisfy certain conditions, it 
works sufficiently frequently to justify our giving here at least the 
rule by which solutions are gotten by this method.* Besides 


(2) dz=pdx+g dy, 
we have | 
(3) Pas 

dg =s dx + t dy. 


_ Eliminating r and ¢ from (1) and (3) we have 
(4) (Rd — S dx dy + T dx?) — (R dy dp + T dx dq — V dx dy)=0. 


* For a detailed account of this subject see Forsyth, p. 358 and foll., or Boole, 
Chapter XV. 
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Whenever it is possible to satisfy simultaneously, 

(5) R dy —S dx dy + Tdx*=0, 

(6) Rady dp+ T dx dg — V dx dy =0,* 


(4) will be satisfied and, therefore, so will (1). (5) is equivalent to 
two equations of the first order, 


(7) dy — W, (x, y, 2 É, q)dx=0, dy — Wx, y, 2, P, g) dx =0, 


which become identical in case 


(8) 4RT= S. 


Equations (2) and (6), together with either one of (7), constitute 
a system of three total differential equations in the five variables x, y, 
Z, P, g- Such a system can be solved only in case certain conditions 
are fulfilled, and it is for this reason that Monge’s method does not 
always work. It will work if we can find two independent solutions 
of this system 


u,(x, Y, 2, Ê, q) = (y Ul x, Y, 2, D, q) = (go 


In this case it turns out that 
(9) ly = (te), 


where ¢ is an arbitrary function, is an intermediary (or intermediate) 
integral. Looked upon as a partial differential equation of the first 
order, (9) must be integrated again. Its general solution will be the 
solution of (1). | 

In case it happens that not only one of (7), but each one, together 
with (2) and (6), determines a system that can be solved, we have 


* Equations (5) and (6) are usually referred to as Afonge's eguatians. 
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two intermediary integrals (9). Solving these for fp and g, we put 
the values of the latter in dz = p dx + g dy. The integral of this is 
the general solution of (1). 


Ex. 1. g7r— 2 pgs + pr=o. 
Monge’s equations are 
PAP +2 py dx dy +P dx? =o, 
g dy do + f° dx dg =0. 
The first of these is a perfect square, 
| (7 dy +padx)'=0. 
Substituting this in the second one, it becomes 
g ap— p dg=0, 


whence Bo Ci. 
q 


The first one, combined with az = p dx + q dy, gives 
dz = 0, 


whence Sle 
Hence an intermediary integral is 
P= 99(2). 


In this case we have only one intermediary integral, hence we 
must integrate this. Since it is linear, it can be solved by the method 
of Lagrange (§ 79). Its general solution is 


xp(z) +y= (2). 
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Ex. 2. r—a?tt=o0.* 


Monge's equations are 
dy — a’ d£ = o, or dy — a dx =o and dy + a dx =0, 
dy dp — a? dx dq =0. 


Using dy — a dx = o, we have y—ax=4. 


Combining this with the second of Monge's equations, we get 


dp— a dq =0; whence p — aq = ly 


Hence an intermediary integral is 
P— aq =y(y— ax). 


Using the other equation, dy + a dx = o, we get a second interme- 


diary integral 
ales ptag= $y +2). 
Solving these for ¿ and g, we have 


p=3160 +42) +¥(y—az))} 


g=—[(y + ax) —Y(y— a2). 


* A much simpler method of solution for this equation will be given in $ 88, This 
equation plays an important róle in Mathematical Physics. It was first integrated by 
Jean-le-Rond D'Alembert (1717-1783) in a memoir entitled Récherches sur les vibrations 
des cordes sonores, presented in 1747 to the Berlin Academy. In studying the vibra- 


2 2 
tions of a stretched elastic string, he considered the equation in the form Bae ae = 0, 
x 
where f is the time, and x and y are the rectangular coórdinates of a point of the string, 
x the coórdinate measured along the line joining the extremities of the string, and y the 
displacement of the point from the position of equilibrium. His proof is given in 
Marie, Histoire des Sciences Mathématiques et Physiques, t. VIII. p. 217. 
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We have now to solve 


ds = [90 + ax) + Wy — as) de + [90 + ax) — Wy — as) dy 


= ~$( + ax)(dy + adx)+ 40 — ax Y (dy — a dx), which is exact. 
Since $ and y are symbols of arbitrary functions, we shall retain 
them in writing the solution 
2=$(y+ax) +Y — ax). 


There is no loss in failing to add an arbitrary constant, since either 
of the arbitrary functions may be supposed to incorporate that. 


Ex. 3. r—t=-— AP. 
x+y 


Monge’s equations are 
dy — dx* = 0, or dy — dx = 0 and dy + dx =0, 
dy dp — dx dg + AL dx dy = 0. 
x+y 
Using dy — dx =o, we have y—x=¢. 


Combining this with the second of Monge’s equations, we have 
2xdp+4pdx—2xdqg+0(dp—dg)=0. 
Also . dz = p dx +q dy becomes 
dz = p dx + q dx. 


Subtracting twice this from the above equation, we get 


2(x dp + p dx) — 2(x dg +g dx) + ¢,(dp — dq) + 2 d =0. 
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This is exact, and has for solution 
(2x+ ANP) +22=Cy 
or (x+y)(P-— 1) +2256 


Hence an intermediary integral is 
(x+y)(p—9) + 22=$(y—~). 


Using the equation ¿y + dx = o, we get a system of total differen- 
tial equations which are not integrable. Hence we must integrate 
the intermediary integral. This is linear, so Lagrange’s method 


i 
ee dx _ — dy dz 


— e oe 
om ma 


x+y x+y $Q—aj—ez 
From the equation of the first two members we have 
x+y=a. 


Replacing y by its value a— x, we have 


BE 
a p(a—2x)-22 


or e ti=lá(a—a a). 


This is a linear ordinary equation of the first order. An integra- 
2 2x 
ting factor ($ 13) is caf" = ea, and the solution is 


2a 


2e 
azea = fee pla — 2 x)dr +b. 


Replacing a by its value x + y, we have the general solution : 


(x Hyjin — Py pla — 2 x)dx = y(x + y). 
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Here, as in the case of the non-linear partial differential equa- 
tions of the first order ($ 81), the general solution cannot be written 
down. For until the form of ¢ is known the above integral cannot 
be calculated. In any example in which the initial conditions de- 
termine ¢, the a which appears in the integral must be replaced by 
x + y, after the integration has been effected. 


Ex. 4. gq(1+9)7—(9+9+2 99) +21 +MPM=0. 
Ex. 5. ps—qr=0. 


Ex. 6. (6+ “ayy — 2(6+cgYX(a +cp)s +(a+ cp)t=o. 


86. Special Method. — At times, by considering one or the other 
of the independent variables as a constant temporarily, the equation 
may be looked upon as an ordinary differential equation. Of course, 
an arbitrary function of the variable supposed constant must take 
the place of the arbitrary constant in the solution. The following 
examples will illustrate : 


Ex. 1. xr= p. 


Letting y be a constant temporarily, this may be written 


el A 


ab _ 
ae p « 


Integrating, we have p= xf (y), where /(y) is an arbitrary function. 
Again letting y be constant, we have 


A = xf (y), 


whence z= x°f(y)+ (y), where (y) is another arbitrary function. 
Here the factor z arising on the right, is incorporated in f(y). 
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Ex. 2. r+s+p=0. 
Integrating this, considering y as a constant, we have 


p+9+3=/0) 


This is linear and of the first order. Hence Lagrange's method 
applies. 


From the first two members we get 
x—y=a, 


From the last two members we have the linear ordinary differential 
equation 


Z +2=/)). 
dy 


An integrating factor is eY ($ 13), and the solution is 
= fed +0 
= $(9) +4. 
Hence the general solution is 
zæ — p(y)= y (x — y), 
or o B= Oy) +0), 
where the factor ¢~” is incorporated in p(y). 
Ex. 3. yf—g= xy’. 
Ex. 4. s= xy. 


Ex. 5. r+ p= xy. 
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87. General Linear Partial Differential Equations. — We shall con- 
sider now partial differential equations which are linear in the de- 
pendent variable and all of its derivatives. The general type of such 
equations is 


T 0z Oz 
oz 
Oz 
+ Por + Ros =S (x, I), 


dy 


where the coefficients are functions of x and y, including the case 
where some or all of them are constants. 


If we put D=2 2, Dad y (1) may be written 


(Pa, 0D" + Py, DD + Prp- D"A ÓN F Pa, nð” + P=," 
+e bP, DD + + PD + Po id + Poo) =S (%, Y) 

or more briefly 

(1) F(D, d)z=f (x, I)» 


where F(D, Ò) is a symbolic operator, which, looked upon algebra- 
ically, is a polynomial of degree n in D and Ò. There are many 
points of similarity between this equation and the linear ordinary 
differential equation of the mth order ($ 42). 


Obviously, F(D, Du +0)= F(D, Du + FD, Xv. 
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Hence the problem of Peeling (1) can be divided into es viz. that 
of finding the general integral of 


(2) F(D, D)2=0, 
which we shall call the complementary function of (1), and that of 


finding any particular integral. The sum of these will give the gen- 
eral integral of (1). 


88. Homogeneous Linear Equations with Constant Coefficients. — 
Following a generally adopted convention, we shall use the term 
homogeneous to apply to an equation in which all the derivatives are 
of the same order. In this case the symbolic operator is homoge- 
neous in D and J. Suppose, besides, that the coefficients are con- 
stants, and the right-hand member zero. Our equation will be of 
the form 
(1) (koD" + RDA + +, ¡DD + 2,4") 3 =0, 


or F(D, D)2=0. 
Since for $ any function whatever 
DPS y + mx) = m p+ (y + mx), 


dol y + mx 
where ot*)(y + mx) means aby + mx) the result of substitut- 
Ben + ma) means E a) Jr 


ing z = (y + mx) in (1) will be 
p(y + mx) F(m, 1)=0. 
Hence z = $(y + mx) will be a solution, provided F'(m, 1)=0; t.e. 


(2) korn” + km" + ee + R,-\m + Ra = 0. 
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If the roots of (2), which we shall speak of as the auxt/ary egua- 
ton, are distinct, say i, My, +++, My; 


z = p(y + myx) + holy + mer) + + + daly + m,x) 


will be a solution. Since it contains arbitrary functions, it will be 
the general solution.* 


Thus let us consider the equation in Ex. 2, § 85, 


The auxiliary equation in this case is 


m—av=o. .. mata. 


Hence the general solution is 


z= p(y + ax) + y(y — ax). 


Me, Os te 


E . l1. = — Ve 
x dat 3 Ox oy Te oy" j 
0% 0% 0% 
Ex. 2. ——7 —— ——. =0. 
oa ley Oxley : 


89. Roots of Auxiliary Equation Repeated. — If any of the roots 
of the auxiliary equation are repeated, the method of § 88 fails to 
give us the general solution. In this case we proceed by a method 
entirely analogous to that in § 47. 


* If F(D, J) contains À as a factor, F (m, 1) is only of degree 1— 1. The lost 
root in this case is œ, and the corresponding integral is ¢(x). This is also obvious 
from the form of the differential equation in this case. For to say that A isa factor of 
F(D, J) is to say that every derivative of z is taken at least once with respect to y. 
Hence z= $(x) will give o. Similarly, if F(D, A) contains Aras a factor, $1(x), 
yor (x), +++, y"lpr(x) are readily seen to be integrals. 
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The symbolic operator F (D, Ò) may be written as the product of 


its factors 


(D— mÒ(D — mÒ) (D —m,). 


Moreover, it is readily seen (§ 46) that the order of these factors is 
immaterial. Suppose #, a repeated root. We wish to find a solu- 


tion of 
(D —m,S)(D —m,d)2=0. 


Putting (D — mÒ) z = v, our equation is 


(D—m,)v=o. 
Hence, by the method of § 88 v= (y + ms). 
We now have to solve (D-mbDj2= (y + mx). 


This is linear and of the first order, — 


p— mg = (y + mx). 


Hence the method of Lagrange ($ 79) applies, 


dx ys 
rm pO +m) 


From the first two members we have 


Putting this in the last member, we have 
$(2) 
<. xola) —2=0. 
Hence the general solution is 


xel y + myx) —2=y(y + mx), 
or a= Wy + mx) + xp(y + ms). 
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In other words, if m, is a double root of the auxiliary equation, not 
only is d( y +m,x) an integral, but so also is «f(y + m,x). In an 
entirely analogous manner it can be shown that if #, is an »-fold root, 


p(y + mx), Hh y+ mx), AY + mx), Say ap y + mx) 


are all integrals. 
Ex. 1. ——2—~— 


0% 0% _ 0% $o 


Ex. 2. 274 72 
me ge taro ds 9 


0% 0% dz 


OO E AS 
MS Ga! data Oy 


90. Roots of Auxiliary Equation Complex. — If the coefficients in 
the differential equation are real, the complex roots of the auxiliary 
equation occur in pairs of conjugates. Hence if a +28 is a root, 
a — ¿8 will also be one. The corresponding terms in the comple- 
mentary function will be | 


Py + ax + 1Bx) + y (y + ax — ipx). 


$, and y, being any two arbitrarily chosen functions, there is no loss 
in putting 


p= pi HU Y= hi — 
Our expression above becomes then 
PY + ax +1Bx) + ply + ax—¿Bx) 
+p + er + iga) — y (y + oe — ¿Ba)]. 


For q, and y, any real functions, this is real. 
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ae e, O 


a aroy Oy 


Ex. 


The auxiliary equation is 


m—2m+2=0 ¿mM=l + 


The general solution is 


s= ++i) +90 +a ia), 


It will assume a real form 
z= p(y +x + ix) + p(y +x—1x) 
+ilyy tetis) ply +1—¿x)], 
for ¢, and y, any real functions. | 
For example, if, in particular, we choose dos to be cos 4, and 
y, (zw) to be e, we have 
cos (y + x + ix) = cos (x + y) cos ix — sin (x + y) sin 1x 
= cos (x + y) cosh x — ¿sin (x + y) sinh x, 
cos (y + x — tx) = cos (x + y) cos ix + sin (x + y) sin ex 
= cos (x + y) cosh x + ¿sin (x + y) sinh x. 
Ateta — arta = arte (a — 7 = 2 idt sin x. 
«2. Z = 2 COS (x + y) cosh x — 2 e**Y sin x. 
| 91. Particular Integral.— General methods for finding the par- 
ticular integral which must be added to the complementary function 


to get the general integral, in case the right-hand member of the 
equation is different from zero, may be deduced along lines entirely 
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analogous to those for linear ordinary differential equations with con- 
stant coefficients ($$ 47, 48).* In a large number of cases, these 
can be found more simply by trial, by methods similar to that of un- 
determined coefficients ($ 50). The following examples will illustrate : 


0% 0% 0% 


Bets A A 
et a xoy ay 


= sin (x + 2y)— 2 sin (x +y) + x+ xy. 

The complementary function is ¢(y +x) +47 — 2 x). 

To get sin (x+ 2y), since all the derivatives are of the second 
order, we try z =a sin (x + 2 y). 

2 2 2 

Then a te sasin(x + 2 y). 

If a = 4+, this becomes sin (x + 2 y). Hence the required particu- 
lar integral is 4 sin (x + 2 y). 

Since sin (++ y) is part of the complementary function, there is 
no use in trying 2=0sin(x+y). Trying z=dxsin (x + y) we get 
36 cos (x +y). Hence we must try z = ġx cos(x + y). Doing this, 
we have as a result of substituting in the equation — 3 6 sin (x + y). 
This will be — 2 sin (x +y) if d=%. Hence %xcos (x + y) is the 
required particular integral. [It is obvious that we might have also 
used z = ġy cos (x+y).] To get x, we tryz=cx%, Substituting this, 
we get 6 cx. This equals x if 6c=1; hence the corresponding 


particular integral is z. To get xy, we try z= faxy. Using this we 


get 6fxy+3/x. So we try z=fxy +gx*. Using this, we get 
6fxy+(3f+ 12g)x*. This equals xy if f=4, g= — +y. Hence 
the required particular integral is 4 xy — 4 x^. And the general 
solution is 


z= +x) +y — 2 x) +4 sin(x + 2y) + gax cos(x +y) 4404 
day — pr 


* Thus, for example, see Forsyth, $ 250, Johnson, $ 320 and foll., Murray, $ ro.’ 
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2 2 
Ex. 2. da _ dz o% 


L = ety ety, 
ae one OF > 


The complementary function is ¿(y + x) +y(y+ 2 x). 

To get e+” we try z= aer+?%, Using this, we get 3 ae“+?%, 

Hence 4 e+% is the particular integral desired. 

Since ¢**¥ is a part of the complementary function, let us try z= 
bx”, Using this, we get —¿e*+*Y, Hence — xe**Y is the particular 
integral desired. [Of course, we might have used z= bye**Y instead. | 
And the general solution is 


¿=P +a +y atzA Htet — xe, 


082 0% od 1 
Ex... ASS 
nee er y e 
The auxiliary equation is m?—2m+1=0. ..M=1, 1. 
[We have here an example of the case cited in the footnote of 
$ 88.] 


The complementary function is (+) + yy + 2) + xx(y+<). 
3 
Since there is no term in dz i in order to get e we have to a 
x 


da? 
y times a function of x which on being differentiated twice gives 5 ; 


that is, we shall try z= ay log x. Doing this, we find that if a= — 1 
I 

t —. | 

we get -3 

Hence the general solution is 


B= plr) + Wy + x) +xx (y + x) — y log x. 


Ex. 4. 2 


0% 0% dz, 
nn y o 


o? o” 0? 
Z z a =x-y 


Bee A A e 
ES J day ay 
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92. Non-Homogeneous Linear Equations with Constant Coefficients. 
— If F (D, À) of $ 87 is not homogeneous in D and A, but the co- 
efficients are constants, it is only under certain circumstances that we 
can obtain solutions involving arbitrary functions, although we can 
always find solutions with an indefinite number of arbitrary constants. 

Since De + = arets, Pepaztdy — Jetty the result of substitut- 
ing z = ce**+ in the left-hand member of | 


(1) F(D, S)z=0 
is ce=+ F(a, b). Tf a and 0 satisfy the relation 
(2) F (a, 6) =0, 


which we shall call the auxiliary equation, z = ce**** will be a solu- 
tion of (1) where ¢ is any constant. Corresponding to any value of 
6 there will be a definite number of values of a satisfying (2). Hence 
we can find as many particular solutions as we please by giving 
various values to 4. Now, the sum of any number of integrals of 
(1) is also an integral. Hence 


6) z= 3 cerry 


is a solution where the ¢’s and 8’s are arbitrary constants, indefinite 
in number, and each æ is so chosen that with the corresponding 4 it 
satisfies (2). 

If corresponding to any value of ¿ we have the & values of a satis- 
fying (2) in the form A(0), (b), --*, Jè), we can: write (3) in the 
form 
(4) ' z= Iech hto 4 Zeh rty O 4 Scen)etey 


where the c's and the 2’s are perfectly arbitrary. 
In general, F(D, ò) has no rational factors. If there is a 
linear factor D— AJ —p, the equation (2) will contain the factor 
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a — AM — m, whence a = àb +p. Hence one of the /’s, say f(b), 
becomes Ab + p, and the corresponding set of terms in (4) may be 


written . 
(5) z= ScAPartytuz = ero ¿UN 


Since the c's and the 4’s are arbitrary, 3cé** is an arbitrary func- 
tion of Ax + y, say p(Ax + y). So that (5) may be written 


(6) z= og (dx + y). 


Hence we see that corresponding to every distinct linear factor of 
(2) we have a solution of the form (6).* 

If there is a linear factor of /(D, A) which is free of D, the cor- 
responding factor in (2) will be free of a; let it be ¿—p. The 
corresponding set of terms in (4) may be written 


(5') 2= Scere = eb¥Sce™, 


Since the ¢’s and a’s are arbitrary, 3ce” is an arbitrary function of 
x, and (5') may be written 


(6') z = ertp(x). 


If the right-hand member of the differential equation is not zero, a 
particular integral may frequently be gotten by trial as in $ gr. 


A + Az 0% 
Ox? ðxðy oy 


Ex. 1 — z = sin (x + 2y). 


The auxiliary equation (2) is 
&@ + ab +ġ— 1i =o, 
or (a+ 1)(@+5—1)=0. 
* In the case of the homogeneous equations ($ 88) all the factors are linear. Be- 


sides, in that case, u =0, and the result there obtained coincides with what we have 
found here. 
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Using a+1=0, we have A=0, p = —1, and from (6) we see 
that z = ¢~7(,) is a solution. 
Using a+ó6—1=0, we have A=—1,p=1. Hence z= 


Fy(y —x) isa solution. The complementary function is, therefore, 
oO) + Ay a). 


For a particular integral try z = æ sin (x + 2 y) + B cos (x + 2 y). 
Substituting this in the left-hand member, we get 
(—4a—28) sin (x +27) +(-48+20) cos (x + 2 y). 


This will equal sin (x + 2 y) ifa = — - > B= =— |. Hence a particu- 
lar integral is a 


ae sin conil 2 y), 


and the general solution is 


z = p(y) + Eyy — x) — = [2 sin (x + 2 y) + cos (x + 2 y)]. 


2 2 
pa ce ayame, 


The auxiliary equation (2) is 
a@—F+2a+1=0 


or (a+4+1)(a—b+1)=0. 


Hence the complementary function is 


e*[o(y — 3) + Wy +x)]. 
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249 
Since e”? is part of the complementary function, we would naturally 


try z= axe”. But this is also part of the complementary function, 


as may be seen by putting ¢ = le E Aa 


2 

We must then try z = ax*e* Substituting this in the left-hand 

member, we get 2ae~*. Hence « =, and the particular: integral 
2 


desired is +x%e-*. The general solution is 
2 


z= $0 0) +y +x) + | 


| 0% 0% 0% Oz Oz : 
. 3. —— ——— — = ¿+ ; 
Exa Ga aa o ao... eE 
0% 0% 0z 
. 4. E — e. 
Ex Jn TT z = cos(x + 2 y) + 


7 


93. Equations Reducible to Linear Equations with Constant Co- 


efficients. — If the coefficient of D'A in F (D, X) of $ 87 is a con- 
tant times x’y’, the equation can be reduced to one with constant 


coefficients by the transformation log x = X, log y = Y. (Compare 
with Cauchy’s equation, § 51.) Thus 


D bor naD. 
e, 0% | 0% 


ous D Nz = 
axy xydXoY’ BR 
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Ex. 1. ae +2 y aca TA 


x ay? 


Making the substitution log x = X, log y = Y, the equation becomes 
oe 2 dz + —. o'z _ ôz _ Oz = e7 + ¢?¥ which has constant co- 
3X? ƏXƏY' ðY? ðX ðY 
efficients. The auxiliary equation, (2), $ 92, is 


@ + 206+0b0P—-a—b=0,0(a+ (a +46— 1) =0. 


Hence the complementary function is p(Y—X) + e*p~(Y—X). 
For the particular integral try z = ae** + Be. Doing this, we find 


that a = B= I Hence the general solution is 
2 
2=o(Y—X) +e y(Y—X) + - (2X 4 27), 


Passing back now to x and y, and remembering that Y— X= log~, 
the general solution takes the form 7 


z= 42 )+zy(2 JHE. 


[This equation, being linear in 7, s, £ comes under the head of the 
case treated in § 85. The student should solve this example by 
Monge's method, as an exercise. ] 


0z 


Ex. 2. at 5 $ ES 
y 


Ex. 3. gee he xy — dz +4 pit Og 


da? indy 4? a aa 
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Other equations may be reducible to linear equations with constant 
coefficients. (But the transformation is not always so obvious as in 
the case cited above.) Thus let the student apply the transformation 


=x, Y =7 to the following example. 
2 2 


Exa 1%_102_10% 102 


do? ad yor yay eS 


94. Summary. — The number of classes of partial differential 
equations of higher order than the first which can be integrated by 
elementary means is very small. In this chapter we have dealt 
almost entirely with differential equations either linear in the depend- 
ent variable and all of its derivatives, or linear in the highest deriva- 
tives only, these being of order two. This latter class frequently 
yields to Monge’s method, $ 85. 

If the equation is linear in the dependent variable and all of its 
derivatives, and has constant coefficients, the general method of 
§ 92 applies. 

If the linear equation with constant coefficients is “ homogeneous,” 
* that is, if the dependent variable is absent, and all the derivatives 
that appear are of the same order, the method of § 88 applies. 

If the equation is linear, but the coefficients are not constants, a 
transformation can sometimes be found to reduce the io to 
one with constant coefficients ($ 93). 

At times the special method of $ 86 can be applied directly to an 
equation. 


Ex. 1. ys=x+y. 

Ex. 2. r—s—6f=xy. 

Ex. 3. zr +p = 3 xy. 

Ex. 4. ar (4 y)9 + yt= 29): 
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DIFFERENTIAL EQUATIONS 


. ON 

_ r—t—3p+39=0, 

. Ar Pts (x+ iy. 

. Mr 2xys+V~t+ xp+yq—s=0 
. xr +p = g xy’. 


. $ yt: 


y 


$ 94 
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NOTE I 


Condition that a Relation exist between Two Functions ot Two Vari- 
ables. — If x and v are two functions of x and y, the necessary and sufficient 
condition that a relation exist between them is that their functional determi- 


nant (also called their Jacobian) vanishes, that is, 


du gv 
Ou, v) _ _ dx Ox 
olx, y) Jey% v) (4, V)z, y = Qu dv =0. 
oy oy 


1° To prove the necessity of the condition. 
If u = $(v), differentiating, we get 


du _ db ðv 
Ox du Ox’ 


du_de ðv, 
dy ad oy 
These two equations in the single quantity E can hold simultaneously only if 
i - qu 
du gv 
Ox Ox 
gu gu =e 


dy oy 


which proves the necessity of the condition. 


2° Now to prove the sufficiency of the condition. 
-Suppose # and v to be given by 


u = fi(x, y), V = f(x, y). 


From these we can eliminate y, resulting in a relation, which may be supposed 


solved for #, thus 
u = p(x, v). 
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Differentiating, and remembering that x and y are independent variables, we 


have l 

ðu _ ðt ðt de 
Ox Ox ðv gx’ 
dez 060, 
oy dv oy 

du av 

Ox Ox y s : 

If au qu 7D these equations can hold simultaneously only provided 
ay dy 


do, But this means that ø is free of x. Hence, when the Jacobian 


Ox 
vanishes u = p(v), 
which proves the sufficiency of the condition. 
Remark. — This theorem can be extended to # functions of » independent 
variables. 


NOTE II 


General Summary. — The following is an index to the various methods, 
given in this hook, for solving differential equations : 
In the case of a single ordinary differential equation, 
if it is of first order and first degree, see $ 19; 
if it is of first order and higher degree than the first, see $ 28 for the general 
solution, and $ 34 for the singular solution; 
if it is of higher order than the first and linear with constant coefficients, see 
$ 52 (note what is said there of a very general class of linear equations which 
can be transformed to linear equations with constant coefficients) ; | 
if it is of the second order and linear, see $$ 55, 62, and 74; 
if it is of higher order than the first and does not come under any of the above 
heads, see $ 62. 
If there is a system of ordinary differential equations, see $ 69. 
As a final resort, whether there is a single ordinary differential equation or a 
system of them, the general methods of Chapter XI may be tried. 
If there is a single total differential equation in more than two variables, 
see $ 41. 
Tf there is a single partial differential equation of the first order, see $ 84. 
. If there is a single partial differential equation of higher order than the first, 
see $ 94. 
The above may be put in the following tabular form: 
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ANSWERS 


Section 8 


2 
4. v=o. 
xy + A c 


p Y 


© RMB. © 


. 3a—2xy ++ A-3y=c. 


Section 9 


. Y +2xy- 214 = ca?y, 
ya +=- 44). 


. Secx + tan y =c. 


Section 10 


wlogx —2 =e. 
y 


. P= (a +42). 
124 y = cad, 


. logx— sind =c. 
p l 


Section 11 


. tan”1 143) 1 2 
an tee + log[4( + 1) 


l +(y + 2)°]= 6 
. 5x — 10y + log (10x + 5 y—2) =c. 
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m co 


Section 12 


. Section 13 


. 2y =(x + 1)t + ce(x +4 D2 
y(t +42)? = a+ log «2 + c. 


5. y = a2 (1 + ce2). 


a mm 6 9 


Section 14 


Me 

. (cosy — 1) er =c, 

. BA (e+e). . 
. Vy+i=x+ri+cvVx+i. 


Section 15 


Y= cx, 
A B+ y = cxy* 


Section 16 


. log V + y — tan! =c. 
x 


4 y= cx. 


. logx LE 
x 


. tan- =x +c. 
x 


Section 17 


. 3A + 8x8v4 6224V=e, 


2. (2 +A =c. 


2 


: ay ++ i 


y 
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23 m 


OND AHA ww o. 


js 
© 


=i pus 
N m 


p= 
co 


já 
pp 


p pò 
aon 


=~ pó 
0 «1 


ANSWERS 
A a 
. Y = ce. 19. = +5 =c. 
2 Y 
. 2 4y =c(my — x). 20. Z= e+, 
J J 
Section 18 21. log x? + logy +2 =c 
2 
2V be -1 
E 92. Mit VR (ya). 
IY TN ZO 2 
b Wie a 28. x + y—4log(2x+3y+7) =<. 
ke « * +1 A. LP (P Ec. 
if 5 and c have the same sign; | 25. x2 + 424+ 1 =<. 
p Vb se 
=V— xa tan(4— z x); 26. Vi + 224+ 7 4 tan =e. 
E J 
if 6 and c have opposite signs. | 27. x + ya =c. 
IL 
Section 19 28. "i I+ cx. 
A Vi-witgvi =e 29. x2y2 — 2 xy log cy = I. 
—— | > 
. X IP 80. y =ceV?, 
¥txe84+3=ce8, Section 20 
YrRAI_ dy\2 d 
aaa 8. xy (2) HAN) F —ay=0. 
SY (Ze +0 =1. dy\? dy 
xy = cet, 4 y (2) a IO 
logy +=.. = ay A AK 
y 5. y A tT I+ We 
Êx — 2cy —1=0. dy\2 ay 
E 6. x[=2 a y) Z S0; 
. Y= (x + a)? + c(x + a)? (Z) +a ds Y) q ty : 
iV _ dy\2 2 
. sin 12=1l0gx + « T 22) =(3*—-1)- 
. xsin” =<, 8. (222-7) =82 
x dr 
i ERIN) 9. “(Ey Pd +(2)") 
o re de dx dx dx) _ 
y= + ce ° dy\ 27? 
vi- , = (AT 
i | 
~=¢VI—x«?—a d dy\? d? 
10. yZ (IN -ay = 
y de (2) 7a =° 
. A — x2 = cy, 5 i dy\2 dy dey 7 
= -ly _ -tan” , —j == — = 
. y= tan a LAA a, (2) (Ga) =F dd’ P ds 
Ade 12. [1 + dy e a)’. 
. y= sing — 1 + certinz, dx Xd 


com D 


. The spirals p? = ce 


ANSWERS 


Section 21 


. The parabolas y? = 2 Ax + c. 
1 


y=ce z. 


. The circles x2 + y? = cx, 
. The cardioids p = c(1 — cos 6). 


+0, 


Section 22 


. The circles x2 + y2? = c (my — x), 


(see Ex. 6, $ 17), through the ori- 
gin with their centers on the line 
y =— mx, where m = tan Q. 


. The logarithmic spirals per? = c 


(compare Ex. 5). 


. The ellipses 2 +? + y? =c. 
. The equilateral hyperbolas xy = c. 
. Jl = cx, 


12. p = «(1 + cos 0). 

13. p= vee Eg 

14. p™ cos m0 = ™. 

15. tan 6 = ce’P, 

16. p = —**_., the family of parab- 
I + cos 0 


17. 


olas, confocal and coaxial with the 
original family (compare Ex. 4). 
M2 
AcosÓó — c 
conics (compare Ex. 3). 


p= , the same family of 


Section 23 
2. y == gt sin a; x — xo =>gfsina, 
3. x— wy = £ log +e". piba 
c+ 1 
5. x — xo = (ext 1). If >o, the 


velocity and the distance covered in- 
crease. indefinitely; if <o, the 
velocity diminishes continually, but 
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never vanishes at a finite time, while 
the distance covered increases con- 
tinually, but never attains the value 


— Pat a finite time. 


-R E -Re 
6. (a)i = ce (0) i= + ce L, 
_R, 
—R, e L R, 
(d)i=ce L A E (1) el dt 
Section 24 
4. y=2x(x-— c). 
5. 2x = cw L. 
ce! 
6. (1 + xy — cy) (x+y +i ce) 
(x — y — 1 — ce?) = 0. 
Section 25 
ete, 
4 y = x + 1—1 a 
5. y= x+ 
8. 4(2? +y)? = (238 + 3 ay + 0), 
Section 26 
1, y = ¡1 a PUL ). 
a+ a +#$ 
2. y2 — 2cx + ae =o. 
4. y =c (x — c)? 
5. The family of circles, 
(1-4 fae 


an 


o a 


Section 27 


~M=cF+1)4+2. 
Ac! 

c 
A tax ty) E. 
at Ia. 
y ETT 
Ly = cR + ex. 
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Section 28 
1. (x — 0)? + = a, 
2. cy = A(x — b) +a. 
8. 4+ cry +e =o. 
4.x 4+¢e(4-—3y) +A=O0. 
5. (1 tI? t2c(at y41)4=0. 
6. =e? Ko 

7 í c+1 

Y, y(ltcosx) =e. 
8. (y — ex)? = 1-2, 
9, (y— ex) =4 2. 
10. 2 = cx? + 0, 
11. r+ 2cye = exe, 
12. o= § Lee he, 

PV —[ f(e)}? 

Vira 
18, p = ce? E 
14. zaA(tentpt folie 

y= iA ; or putting p = tan $, 


15. 


ee É (o-+sin 0) +a y= Ž(1—cos 0), 
a family of cycloids generated by a 


circle of radius —- We see, then, 
2 


that a characteristic property of a 
cycloid generated by a circle of 
radius a is that s? = 8 ay, where s 
is the length of arc measured from 
the nearest cusp. 

The same family of cycloids as in 


Ex. 14. Here k= sgh. 


i Section 29 
Section 32 
1. E 1, when the fixed 
A+ 2 


ANSWERS 


the ellipse or the hyperbola, having 
the fixed points for foci, and yy 4 
for semi-conjugate axis. 


. The cirele x? + y? = £2, where £ is 


the constant distance. 


. The equilateral hyperbola 2 xy = a?, 
4. The parabola (x — y)? — 2a(x + y) 


+ a2 =0. 


. (y—c0)?4+4c=0, g.s.*, 


xy — I= O, S.S. 
(y — cx)? = 0? + ala, g.s., 


2 2 
x J 
mema + — = I, S.S., 
al p2 


(y + x— c)? = 4x5, B. So 
xy = 0, S.S. 


Section 33 


. (4-c)? = $, Z.S Y = 1, S. Su 


y=0,Cc.1., y=3,t.L 
$ 24, Ex. 3, y? — 1 = 0, S.S. 
Ex. 4, there is no s. s., x =0, 
t.l. and p.s. for c=%, y=0,n.L 
Ex. 5, 12 + 1 =0,s8.sS. 
§ 25, Ex. 5, 412%y + I =0, S. So, 
x=0,t.l. 
. Ex. 6, there is no s.s. 
a+ y=0,c.l 
§ 26, Ex. 2, x? — a2y? = O, S. S. 
Ex. 4, 413 — 27 y = O, S. S, 
y =0, s.s. and t.l. 
§ 27, Ex. 2, 1? + 4 e2%Y =0, S.S. 
Ex. 6, xy = O, S. S., 
y—x=o0,t.l. 
$ 28, Ex. 2, y? — 4a (x — b) = 9, S.S. 
Ex. 3, xy? — 4 = 0, S. S., 
x = 0, p.s. for ¢ = 0. 


* In these answers the following abbre- 
viations are used: g.s. for general solu- 


points are (c, 0), (— ¢, 0), and 2 is tion, s.s. for singular solution, p.s. for 


the constant product. 


According | particular solution, t.l. for tac-locus, n.l. 


as Å is positive or negative, we have | for nodal locus, c. 1, for cuspidal locus, 


ANSWERS 


Ex. 4, 12 + 2 xy — 3y2=0,5.5. 

Ex. 5, (x + 1)y=0,8.8. 

Ex. 11, 12 + y2 =0,s8.s., 
x= 0,01; 


-4Y=4x4+1,8.8, y=o, tl 


Section 36 


: g = c 
. RHI 4+ (zg —c)2 = a, 
. KF yt 4 ot = cx, 


Section 37 


2. xy + y24 2x=c(x+ y +23). 


pub pad am 
dD = © 


A 66 29 


OM ADA e OY 


Yte z+e_, 
x J 


Section 41 


o yz + zx + zy =c. 
. 2 4y? = e(z + 12 
.C(x+942)=c. 


Z 
yta 
“ly+z2=c. 


x= +6 


. (2 +y +z) =c. 
e RHP Ht. 


y 


2=ce ?, 


(DO -—-DG-— i) etit: =c, 
. (z — y}(x + 2y7)=c. 

. (y+ etma, 

. (y +2) (+ c)+z(x— =o. 


Section 43 


© Y = + Coe + cge7%, 
. Y = 4 + cet + cge. 


Section 44 


. y= (01 + Cox) + e. 
~ Y = "(0 + Cox + cgt?) + ee. 
y = c1 + e (ca + cgr). 


d 


261 


Section 45 
y = (cit cox) cos x+ (cg +c4x) sin x. 


3. y=a + ¿E (secos v3 


o Y = (1078 + cae + 


IO 
~ Y= (c + cox) e — e log (1 — x). 


+ (3 sin Ž V3). 


Section 47 


o Y = eT? + ce? p e-tre. 


. Y= (atartea + 


20 x3 — 15 
ae saa) E 


cos x — 3sinx. 


Section 48 


Y= + cge2® — XEF, 
© Y = cie” + c9e7? + cge? 


9x? +6x +20., 
27 


+ 


. Y=(CO0SX + esin y + xsinx 


+ cos x log cos x. 


; Poteet anes = 


Section 49 


. Y = c cos x + cosine 


- — cos x log (sec x + tan x). 


Section 50 


. y= acosx + asins + e 


n a i 2. 


I. 
. Y =(c1 + cezx)e? + ¿e — ¿A x. 


x 
. y=( + ene (es cos> V3 


+ cg sin= v3) — x, 


. JEH ana 


2 14 I. I 
ae) E Bat 
+ Pa x + Tone + das 
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7. y=(01+ cox) e + (cs t cx) e7* 
+ gue +4. 


8. y=c1 + caer + = (és — 1). 
9. y= (ci + cox) cos x 


: I 
+ (cs + c4x) sin x — ar cos x. 


Section 51 
2. y= (cı coslog x + cz sin log x) x 
] 
ae 
_ telog 
A x Bo Z lo e 7 
4 yoo (x +1)? rid co (x + 13 
3x42 
+ a 
Section 52 
cos x — sin x 


1. y= cie? + aoe + T 


+ re”. 
2. y= cye® + cge7? + cg Sin x + cacos x 


I 
— —-£ COS x. 
5 
3. y= (c1 + cox) e? + 228 — 12 x? 
T (2x-— 1)e% 
+ 36x a ag : 
4. y= (a+ ceaxt cega) + r 
5. PE E a aE 
12 8 
— gres, 
6. y=(01+cx) e + (cg + car)er? 


+ E cos x. 
4 


7. y=(c1+c2ldogx)sinlogr+ | 
(cs + c4 log x) cos log x + (log x)? 
+ 2log x — 3. 
8. yaad (atare E 5 
+8x. 


10. 


11. 


. Y= x (a + alog x) += ae 


ANSWERS 


y = csin 2x+ cz cos 2x 
I— xsin 2x 
{1 ee 


y=acos(x+0) + 
sin x log (tan x + secx)— 1. 
y= (at cox + 03x") e—x- 3 
Se, 
120 
=(4+0ar+ car?) et + cer 


I 
+. 


. Y= a cos x + esin 


x sin x + x cosx 
log x 
4x 


y=ar+e ifaca? V5 


+asiniv3)+ (2) 
_ Cos 2x+8sin2x I 
130 2 


~y=(at ox) — = sin x 


n Y 
+e(5+5). 
1°. ¿>nm. O= (Act + Beri), 


where p2?=42— n?. 6 diminishes 
continually but vanishes only for 
¿= œ, theoretically. Practically, 
the swing of the pendulum is soon 
damped sufficiently, so that the as- 
sumed law ceases to hold, and @ be- 
comes zero in a finite time. But 
the solution tells us that the pen- 
dulum comes to rest without vibrat- 
ing. 

2. kon. 0= A*t cos (ut+ B), 
where p2= n? — 22 The pendu- 
lum vibrates with constant period 

27 


Vn?— 22 


, which is longer than 


19. 


ANSWERS 


in the case of motion in a vacuum 
(Ex. 17). The amplitude is Ae-*, 
which diminishes continually. 

3. k=n 0=(A + BDC, 
If A and 5 have the same sign, 
6 diminishes continually, as in case 
1% If A and B have opposite 
signs, @ passes through zero, 
changes sign, attains a maximum 


| in absolute value and then dimin- 


ishes continually in absolute value, 
as before. 
(a) 1°. mn. 0=Acos (nt+B) 


cos mf. 
2 


n?— m 
2°. m=n. 0=Acos(nt+ B) 
+ bad sin z 

2n 
(4) The same complementary func- 
tion as in Ex, 18 * 


pel (2? — m?) cos mt + 2£sin mf] 


` (n? — m2)? 44? 
This łast term may also be written 
E cos (mt — 0), 
V (n? — m?)? + kÈ 
2k 


where tan @ = The part 


n?— m? 
of the motion indicated by this 
term is called the forced vibration. 
Its period is 27%, It is not in 

m 
phase with the periodic force [ex- 
cept in case (a) 1%, lagging be- 
hind by the angle œ. When 
n>mo<a<t; when 
n< mM, ¿<a<r; when z = m, 
a=", In this case the forced 


vibration is given by U= £ sin 721 
2 


for case (6), and by U= sin nz 
2n 
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for case (a). If & is small, the 


_ amplitude is large in case (4), while 


20. 


21. 


22. 


in case (2) the amplitude increases 
with the time. This explains reso- 
nance in Acoustics, the effect of 
the measured step of soldiers on a 
bridge, and the like. 


x= Xo COS Ab + > sin kt, The period 
is independent of xy and vo. 
Vo vol, 
2x= Y | ekt A kt, 
x (z+) + (xo at 
r= cyemtt coe wt + -£ sin wt, where 
2 w? 


C1 + (3 = 70, wci — ca) + <= Ue 
wW 


If c, +0, the first term soon predomi- 
nates, and the motion is spiral. 

If cy, =0, the second term soon 
becoming negligible, simple harmonic 
motion results, 


When ro =O and Vo = £ 
2w 


r= P sin wf; ie. we have simple 
2 


harmonic motion from the beginning. 


O wm © y 


Section 53 


oY =C1 + cade + x, 

. Y =x + (1+ xtan-) x), 
YH K+ CQ + x27 4+. 

e Y = Sec £ (c1e"? + coe az), 


z? ; 
v= ale 4 (c1 + calog x). 
e KY = (16% + cae? + XE, 


Section 54 


2. Y= arvi — x? 4 co(1 — 242), 
3. y = asin (sin x) + cz cos (sin x). 
4. y=acos + esin 41. 

MEH gaT i 2At x 
5 1 agan 


¿y = (e y ceee E 


* Replace & by 4m throughout the answer. 


(1 + x3) y = cx? + cox + cg. 


264 ANSWERS 
Section 55 Section 61 
1. y = ere + eal + 357 +644 6).| 2 y= x log “1%. 
2. y = cet + coe (4 28 — 42 x7 1 + cox 
+ 150x183). | 3. log y = ae + coe? + 2? + 2. 
8 y a Ge Tae), 4. y = acot x + ca(1 — x cot x). 
y= a 
4. y= (x? — 1) + co. Section 62 
5. y = a +a log x). EE E E 
6. y = x2? (cı cos x + csin x). 2. y = (sinl)? + e sinmi + e 
7. y = cx + ol + 1). wey a 
8. 2y = x(a + cg — x). 3. ear ; 
9. y = cx" cos (ax + c2). 4. 
5. 


n >e n 
. Y = (COS — + esin —+ 
x x 


Section 57 
z2 


.y=x+0 fe Fas + ez 


4. y = (x — 2)e? + cx t e 


5. y= zar? +xVI>+c +0 


Section 58 
(x— a)? + y2= ¿. 
$ ey = _qadez . 
(1 — aer)? 


. ay + be 42 =0, 


Section 60 


. xy =Ë + aloga te. 


. (x — 1)?y = c + cox — cos x. 
. YV — I= cqva?— 1 
+ ce log(x + Va? — 1)+ c. 
. By = e? + cox + cs. 
. xy = cr — c,sin-lx Vi — x2 


Havi — x. 


. Y = c cos x2 + cosin x? + cga?, 


. tany =cıcot x + cz. 


A 6at+ 222 


— 433 log x) + cor 
: 


. lo =i . 
E) Paia 


6 
7. y=cilog x + cg. 
8. sy Haf Sak a 
9. y = log cos (c1 — x) + ¢2. 
y= tavai +e 
YHat ates log x) Vx. 
. Y = a sin? x + cg Cos x 
— a sin? x log tan”. 


(a) The circles (x + ¢1)?+ 4 =e. 


(5) The catenaries 
rt, tte 


al = 
= Cy £ 
y a (e +e 1 ) 
14. (a) The cycloids | 
x+ a= vers Z — V2y 9, 
2 


(5) the parabolas 
(x + €1)? = 2 coy — ca. 
15. The central conics 


cy? — a (x-+¢2)?=1; hyperbolas 
when &>>0, ellipses when 2 <0. 


ANSWERS 


18. y I |ala— x) * 
fai 
n 
TO ited. 
ĉl Ez 
n 
_(a—.) _ ly as 
x a 3 ogla — x) +2, 
es A 
17. v=/Ž = V2 gl (cos 0 — cos &). 


18. (a) #=2ë(1 1), 


(5) ENE (vaa 


if h4=0,v= V2g R, which is 7 
miles per second, approximately. 


Section 64 
1l. x= cye3* + oett 64, 
y= 2 celt — ‘coe Ht + set 9 ¢+9. 
2. r= (6 Ca —2 ae 2 Caf)et 
I abp i 
— — (Bl Z” — — y 
y= (c t ce + cge it — at 
8. «= (1+ Cot)et + (¢3 + ae ~t 
2 y = (Q — C1 — fet 
— (03 + €4 + cabe. 
Section 65 
6. 1B—y8=c,, x2 — 22 = ce 


7. x24 Y=, fa OX TY, 
+ — Coy 
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2(*«+y)-f=e, 
x2 y? + 2 = cof, 


+ 


8. x? — 2 = ĉl; 

9. I= äh, 

10. x—y=ci(x—£), 
(x +y +y — t) = co 

11l. x—y-t=c, +? + y? — cof =0. 

12, 3% = c1, x 


X 
pit yao 


y 
Section 66 
XH E= c PHI țel 


Section 69 


1. The path is a parabola lying in the 
vertical plane determined by the 
direction of the initial velocity. Tak- 
ing the initial position for origin, 
the horizontal line of the plane 
through it for the x axis, and the ver- 
tical line through it for the y axis, 
the equations of the path are 


y = vsin e — >g, 


Or, eliminating 4, we have 


x = V COS &, 


2 

X 
y=xtana — 
2 Vo? COS? & 


y= Eno +E, eS oa 
3. x = a cos ht + PLEET sin $h 


Or, eliminating /, we have 


ae 
0 


(xsin a —ycos a)?+ e =a? sin? &, 


an ellipse with its center at the ori- 
gin. Since x and A are periodic 


functions of period 2 = , we see that 


the motion is periodic, the period 
being independent of the dimen- 
sions of the ellipse. 
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4. 2kx =(%a + v cos a) e 


+ (ka — v cos 4) e, 
2 ky = ysin a (et — 4), 
Or, eliminating 4, we have 
a?k?y? 


in & — s a)? — 
(x sin y COS &) E 


= @ sin? &, 
a hyperbola with its center at the’ 


origin. 


5. p=asin (kt + 6), 


q =acos (4 + ù), 
r= 
where a = V pè + go 


b= tan“! Žo, C=%y k= ae C. 


do 
Angular velocity 
=w = V p + go? + ro a constant. 
Direction cosines of the instanta- 


neous axis of rotation are Ê A 1, 2o, 
w w W 

. The paths are the curves of inter- 

section of the hyperbolic cylinders 


2 2 ¿2 
2 2n J2 


AT ea aT™e 
The time is ~ by 
1-2 = +1 de 


ab Jz (224 Bey) Gita) 
For the curve through the origin 
¢;=¢2=0. Hence the path is one 
of the lines 


a 
a 


The time in sorene a part of it is 


sn a a) 
ca NY. Y be\x, x 
Section 74 
8. y= a(t Fat hat) Boe 
2 10 


— 51472 4 10x%71— 104 5 x—a?), 


ANSWERS 


or y=A (229-5 e+ 10—10 2714 5 172 


4 y= (++ + 


OO Wm © 8% In” 


— *) + B( at ta Lg 
2 10 

A n 
5 aA 59 

+— 7+ 

l e ess 9713 
pn ie + 
2.3, 2:437 


s). 


tee eat) 
2.4.6.3.7.11 

ce ee ee 

3 33s? 


1.058.307 11 


. y=A(6—4x+ 3?) 


+ B(a-? — 4271), 
Section 75 


; F(, LS j; 


2 2 2 
2nxF( — = = +13, 22), 
2 2 2 
a I x 
Limit peas a 
ime 


Section 76 


.x—y+zp—q)=0. 


xg — yp =0. 


-2=pr+ gy + VË +P. 


z = pg. 


EA, 


14 APA PAD, 
PPP +e +1)=s. 


. z= XP + yq — xy5, r =0,F=0 
. 7=05$=0, =0. 


Section 77 


. Kept YZ = XY. 


8. 
4. 


3. 
4. 


> p 


13. 
15. 


* Attention should be called to the fact 


‘ ANSWERS 


IP- 2] SP — 38, 


r=izoO0. 


Section 79 


(xy +z, x24 4°) =0, 
PHPH, e+ y+2)=0. 


Section 82 


e Y=(b— x) (a + y2).* 
. 62=(24—2)8 + 6 ay + b. 


: Section 83 
. € = cxĉyl-a, Since the equation is 
linear its general sólution is 
x 
e=af z) 
z = cxty™ 1-43, 
2=ax+aulog y +c. Since the 


equation is linear, its general solu- 
tion is z = f(x + log y). 


a2—I=cxeY, 


. 4az = (x + ay + d)?2, 

. z= ax + ay? ++ b. 

. logz= (x+ a)? + (y +a)? +ė. 
~z=axtby+ Vat+ 041. 


Sin- 
gular solution is 124 y2 + 22 = 1, 


s Í Slog (r +y—1)+y+ 6. Since 


the equation is linear, its general 
solution is 


log (x4+y-—1)4+y=/(2). 


2=Cc(x+y+ ajo. 
= x? se 
erent Py) 


that no unique answer can be given for 


the complete solution. 


Other forms just 


as good as the ones here given may be 
found by selecting various forms for the 
auxiliary function ø. 


16. 
> Rd ee 
5. xr — (x+y)s y (B— 49). 17. 


F ¿=a Vx+y+ 
. 2— aa? = (ay + ù)? 


AE xl on O HP 
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I 
=x-—-+e77% A 
E te (y) 
2=y sin? 4 p(y). 

J 

Section 84 


. 2=4x 4 by + (a+ by. 
1 


. z= cx ys, 
. 2 P= p (x8 — yf), 


e 2 axe +a b. 


Vi +a2=2Vx+ay+0, 
1—a? Vx—y + 5, 


A e= alog (42 +3?) 


+ VI — aż tan-1Ž + C. 


i += p2). 

; (a—1)2(r+ay+0b6-am=o, 
.2=0xy + (x+y) +b. 
 setaVe 4+ Pea 2) 
. 2az = (x + ay)? + b. i 
~(«—4aeetyt+e2+n) 


O = 
=o( 2» z— ul 


. The family of planes 


z =ax + VŘ — 1 — @y +b; 
for 4, a fixed constant, the corre- 
sponding planes envelop the cir- 
cular cone 

(#— 1) (42 + 32) = (2-0), 
whose vertex is at the point (o, o, 6). 
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19. 


a 


This equation is a particular solu- 
tion for all values of 4. 
The surfaces of revolution 


a? + J3 = (0). 


. The family of planes 


2=ax+0by+ V (42402) a2 + 22062422, 
where the fixed points are (c, O, O) 
and (—c, 0, 0), and the constant 
product is 42. These envelop the 
ellipsoid of revolution 

NI ls E). 


Section 85 


.2= (2) +y +1 +2) 
-%= (2) +40). 
. y =xp(ax + dy + cz) 


+y(ax + by +c). 
Section 86 


E 4y9(a) + Wea). 


: == + $(x) +Y). 


2 = 2 - xy + Cy) + (yy). 


Section 88 


.2=9(y +) +¥(y +22). 
.2=9( Y) +o yt 5+) + +24). | 


Section 89 


.2= Py +x) + AY (Y +). 
.2=H (y +x) +p (y —x) 


+ xos (y — x). 


. 3 = i (x +y) + x2 (x +y) 


+ ps (x — y) + 104 (x — y). 
Section 91 


s=o(y—x*) + ¥(2y+4+ 3%) 


I. I I 
+ tsin (x + y) += rty + —+5. 
a C y) 8 4 80 


ANSWERS 


5. :=$(y +22) + Y(y—x) 


I 
eee +7). 


Section 92 


.2=P(y— 1) + e Fy(2x 4 y) 


E coe (y+22x). 


- 2 = Epy) + e yx + y) 


+ = sin (x + 2y) — xe. 


Section 93 


. 2= (2y) +y(2) 
. z = o (x2?y) + xp (2y) +22. 


s= oC + 9%) +Y(2 3). 


Section 94 


; 
1. s=% logy + 1y+ (2) +40). 


a1 O n A 0 


.2=9(Y + 31) +Y(Y—2x) 


+ axy + Lx, 
6 24 


. 2 = R + xp( y) + Y (y). 
. s= p(xy)+ Y(x +y). 


1 = Eatylog AO 
, a=0(3+5) +2) yet, 
. 2=0p(xy) +xY $ +(#—1) ylog-z. 


„z= =9(2) + (2): 


. z = Xy + p(y) logx +Y (y). 
. s=(x)+ Y (x + y)+ (7 +y) log y. 


INDEX 


The numbers refer to pages. 


The following abbreviations are used: c. c. 
o.= ordinary. 


equation. l. = linear. 

Additive constant, 2. 

D’Alembert, 233. 

Applications, 31-48, 55, 60, 67, 68, 74, 117- 
122, 146-148, 162, 163, 214, 229. 

Arbitrary constant, 2. 

Auxiliary equation, 92, 240, 246. 


Bernoulli, 20. 
Bernoulli's equation, 20. 


Cauchy, 91, 92, 113, 164, 202. 
Cauchy’s linear equation, 113, 178. 
Cayley, 75. 
Characteristic equation, 92., 
Charpit, 218. 

method of Lagrange and, 215. 
Clairaut, 25, 56. 
Clairaut's equation, 56, 59. 

extended, 225. ` 
Commutative operations, 97. 
Complementary function, 91, 239. 
Complete |. d. e., go. 
Complete solution of o. d. e., 5. 

of p. d. e. of first order, 213. 
Condition for exactness of 'o. d. e. of first 

order, 9. 

for exactness of 1. o. d. e., 138. 

for integrability of t. d. e., 77. 

for relation between functions, 253. 

for repeated roots of an algebraic equa- 

tion, 65. 

Consecutive points, 70. 
Curve of pursuit, 147. 
Cuspidal locus, 70, 


= constant coefficients. 


d. e. = differential 
p. = partial, t.=total, 
Darboux, 75, 202. 
Degree of d. e., 2. 
Derivation of o. d. e., 3. 

of p. d. e., 196-201. 
Differential equation, 1. 

of a family of curves, 31. 

of simple harmonic motion, 118. 
Discriminant, 65. 

relation, 65. 


Envelope, 62, 63. 
Essential arbitrary constants, 3. 
Euler, 25, 91, 192. 
factor or multiplier, 25. 
Exact differential, 8. 
d. e., 8, II, 137. 
Existence theorem for o. d. e., 164. 
for p. d. e., 203. 


First integral, 52, 230. 
Functional determinant, 253. 


Gauss, 192. 
Gauss's equation, 193. 
General integral, 6. 
General plan of solution of o. d. e. of first 
order, 9. 
of higher order, 131. 
General solution of o. d. e., 5, 167. 
of p. d. e., 203. 
of p. d. e. of first order, 213. 
General summary, 254. 
Geometrical significance, 31, 61-63, 66, 69- 
71, 86, 157, 167, 203, 204, 213. 
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Homogeneous, function, 14. 
l. o. d. e., 89. 
l. p. d. e. of first order, 205. 
l. p. d. e. with c. C., 239-245. 
o. d. e. of first order, 14. 
t.d. e., 81. 

Hypergeometric series, 194. 


Integrable t. d. e., 76-84, 86. 
form of solution, 76, 85. 
method of solution, 80. 
Integral, 6. 
curve, 31. 
surface, 86. 
Integrating factor, 8, 25, 141, 209. 
by inspection, 23. 
of o. d. e. of first order, indefinite in 
number, 8. 
Integration in series, 164-195. 
of o. d. e. of first order, 169. 
of o. d. e. of higher order, 177. 
Intermediary integral, 231. 


Jacobian, 253. 
Kowalewski, 202. 


Lagrange, 75, 103, 205, 213, 215, 218. 
method of, 205. 
Lagrange and Charpit, method of, 215. 
Legendre, 114. 
Legendre's linear equation, 114. 
Leibnitz, 25. 
Linear o. d. e., 89. 
Cauchy's, 113, 178. 
complete, go. 
general, 89. 
homogeneous, 89. 
Legendre's, 114. 
of first order, 18. 
of second order, 123-130. 
reducible to equations with c..c., 113, 
114, 126, 127. 
simultaneous, with c. c., 150. 
with c. c., gI-122. 
Linear p. d. e., general, 238. 
“ homogeneous,” with c. c., 239-245. 
non-homogeneous, with c. c., 246. 
of first order, 200, 205. 


INDEX 


Linear p. d. e., of second order, 230. 

reducible to equations with c. c., 249. 
Linearly independent functions, go, 
Liouville, 142. 


Monge, 230. 
Monge's equations, 231. 
method, 230. 


Nodal locus, 69. 

Non-homogeneous 1. p. d. e. with c. c., 
246. 

Non-integrable t. d. e., 85, 86. 

Non-linear p. d. e. of first order, 211-226, 


Order of d. e., 2. 

Ordinary d. e., I. 
of first order and first degree, 7-30. 
of first order and higher degree, 49-75- 
of higher order, 89-148. 
reducible to l. d. e. of first order, 20. 
system of, 149-163. 

Orthogonal trajectories, 38, 158. 


Partial d. e., 1. 
of first order, 205-229. 
of higher order, 230-252. 
Particular integral of o. d. e., 6. 
of l. o. d. e. in general, 103-105, 125. 
of l. o. d. 8. with c. c., 97-113. 
of l. p. d. e. with c. C., 243, 247. 
Particular solution of o. d. e., 5. 
of p. d. e. of first order, 213. 
Picard, 75, 164. 
Point of general position, 32. 
Primitive of o. d. e., 4. 


of p. d. e., 196, 199. 


Quadrature, 6. 


Reduction of d. e. to equivalent system, 
160. l 
Regular function, 203. 
Riccati, 173. A 
Riccati's equation, 28, 173. 
analogy to l. d. e., 176. 
Roots of auxiliary equation repeated, 93, 
240. 
complex, 94, 242. 


. INDEX 


Separation of variables, 13, 25. 
Series, integration in, 164-195. 
Single-valued function, 16s. 
Singular point of an equation, 203. 
Singular solution of o. d. e., 63, 66-75, 
168. 

of p. d. e, of first order, 213. 
Solution of d. e., 2, 164, 202. 
Summary, general, 254. 
Symbol D, 89, 238. 

À, 114, 238. 
Symbolic operator (D— a), 96. 
System of d. e., 149-163. 

general method of solution, 149. 

of l. o. d. e. with c. cC., 150. 


271 


System of o. d. e. of first order, 153. 
of t. d. e., 159. 


Tac-locus, 71. 

Tangent, 70. 

Total d. e., 76-88. 
method of solution, 80-85. 
more than three variables involved, 83. 
simultaneous, 159. 

Trajectory, 38. 


Ultimate points of intersection, 61. 
Undetermined coefficients, method of, 107. 


Variation of parameters, 103. 
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